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EUCLID’S ELEMENTS. 


BOOK I. 


DEFINITIONS. 


1. <A rornt is that which has no parts, or which has no 
magnitude. 


2. A line is length without breadth. 3 
3. The extremities of a line are points 


4, A straight line is that which lies evenly between 
its extreme points. 


5. A superficies is that which has only length and 
breadth. 


5. The extremities of a superficies ae lines. 


7. A plane superficies is that in which any two points 
being taken, the straight line between them lies wholly in 
that superficies. 


8. A plane angle is the inclination of two lines to one 
another in a plane, which meet together, but are not in the 


same direction. 
] 
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9. A plane rectilineal angle is the inclination of two 
straight lines to one another, which meet together, but are 
not in the same straight line. 


Note. When several angles are at ene point B, any 
one of them is expressed by three letters, of which the 
letter which is at the vertex of the angle, that is, at the 
point at which the straight lines that contain the angle 
meet on> another, is put between the other two letters, 
and one of these two letters is somewhere on one of 
those straight lines, and the other letter on the other 
straight line. Thus, the angle which is contained by the 


A 
4D 


if we 


- 


“fi 
B fe) | aa 


straight lines 4B, CB is named the angle ABC, or CBA- 
the angle which is contained by the straight lines AB, DB 
is named the angle ABD, or DBA ; and the angle which 
is contained by the straight lines DB, CB is named the 
angle DBC, or CBD ; but if there be only one angle at a 


point, it may be expressed by a letter placed at that point; 
as the angle at F. 


10. When a straight line standing 
on another straight line, makes the adja- 
cent angles equal to one another, each of 
the angles is called a right angle; and 
the straight line which stands on the 
other is called a perpendicular to it. 


_ IL. An obtuse angle is that which 
is greater than a right angle. 


12. An acute angle is that which 


is less than a right angle. ‘ 


DEFINITIONS. 3 
13. A te.m or boundary is the extremity of any thing. 


i4. A figure is that which is enclosed by one or more 
boundaries. 


15. <A circle is a plane figure 
contained by one line, which is | 


called the circumference, and is 
such, that all straight lines drawn 

from a certain poind within the \ 
figure to the circumference are 

equal to one another : 


16. And this point is called the centre of the circle. 


17. A diameter of a circle is a straight line drawn 
through the centre, and terminated both ways by the cir- 
cumference. 


[A radius of a circle is a straight line drawn from the 
centre to the circumference. | 


18. A semicircle is the figure contained by a diameter 
and the part of the circunifcrence cut off by the diameter. 


19. A segment of a circle is the figure contained by a 
straight line and the circumference which it cuts off. 


20. Rectilineal figures are those which are contained 
hy straight lines: 


21. Trilateral figures, or triangles, by three straight 
iines : 


22. Quadrilateral figures by four straight lines: 


23. Multilateral figures, or polygons, by more than 
four straight lines. 


24, Of three-sided figures, 
An equilateral triangle is that whi h / 


has three equal sides; 
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25. An isosceles triangle is that 
whick has two sides equal : 


26. A scalene triangle is that 
which bas three unequal sides : 


27. A right-angled triangle is that 
which has a right angle : 


[The side opposite to the right 
angle in a right-angled triangle is fre- 
quently called the hypotenuse. | 


28. An obtuse-angled triangle is 
that which has an obtuse angle : 


29. An acute-angled triangle is 
that which has three acute angles. 


Of four-sided figures, 


30. A square is that which has 
all its sides equal, and all its angles 
right angles : 


© An oblong is that which has 
# <s \ngles right angles, but not all 
ie ae S equal : 


32. A rhombus is that which has 
all its sides equal, but its angles are 
not right angles > 


DEFINITIONS. 5 


83. A rhomboid is that which has Zp 
its opposite sides equal to one another, au? 
but all ‘its sides are not equal, nor its / ya 
angles right angles : Fe ay A 


34. All other four-sided figures besides these are 
called trapezius. 


35. Parallel straight lines are such So tee ss ae 
as are m the same plane, and which 
being produced eyer so far both ways 
do not meet. 


[Note. The terms oblong and rhonbvid are not often 
used. Practically the following definitions are used. Any 
four-sided figure is called a quadrilateral. A line joming 
two opposite angles of a quadrilateral is called a diagonal. 
A quadrilateral which has its opposite sides parallel is 
called a paral/clogram. The words square and rhombus 
are used in the sense defined by Euclid; and the word 
rectangle is used instead of the word oblong. 


Some writers propose to restrict the word ‘trapezium 
to a quadrilateral which has two of its sides parallel ; and 
it would certainly be convenient if this restriction were 
universally adopted. | 


POSTULATES. 


Let it be granted, 


1. That a straight line may be drawn from any one 
point to any other point : 


2. That a terminated straight line may be produced to 
any length in a straight line : 


3. And that a circle may be described from any centre, 
at any distance from that centre. 
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AXIOMS. 


1. Things which are equal to the same thing are equal 
to one another. ' 


2. If equals be added to equals the wholes are equal. 


3. If equals be taken from equals the remainders are 
equal. 


4. If equals be added to unequals the wholes are 
unequal, 


5. If equals be taken from unequals the remainders 
are unequal. 


6. Things which are double of the same thing are 
equal to one another. 


7. Things which are halves of the same thing are 
equal to one another. ; 


8. Magnitudes which coincide with one another, that 
is, which exactly fill the same space, are equal to one 
another. 


9. The whole is greater than its part. 
10. Two straight lines cannot enclose a space, 
11. All right angles are equal to one another. 


12. If a straight line meet two straight lines, so as to 
make the two interior angles on the same side of it taken 
together less than two right angles, these straight lines, 
being continually produced, shall at length meet on that 
— on which are the angles which are less than two right 
angles, 


PROPOSITION 1. PROBLEM. 


To describe an equilateral triangle on a given finite 
straight line. 


Let AB be the given straight line: it is required to 
describe an equilateral triangle on AB. 


From the centre A, at the distance 4B, describe the 


circle BCD. [Postulate 3. 
From the centre £B, at the distance BA, describe the 
circle ACE. [Postulate 3. 


From the point C, at which the circles cut one another, draw 
the straight lines C'A and CB to the points A and B. [Post. 1. 


ABC shall be an equilateral triangle. 
Because the point A is the centre of the circle BCD, 


AC is equal to AB. [Definition 15. 
And because the point B is the centre of the circle ACL, 
BC is equal to BA. [Definition 15. 


But it has been shewn that CA is equal to AB; 

therefore CA and CB are each of them equal to 4B. 

But things which are equal to the same thing are equal to 

one another. [Axiom 1, 

Therefore C/A is equal to CB. 

Therefore CA, AB, BC are equal to one another. 
Wherefore the triangle ABC is equilateral,  [Def. 24. 

aud it is described on the given straight line AB. Q.u,F 
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PROPOSITION 2. PROBLEM. 

From a given point to draw a straight line equal to a 
given straight line. 

Let A be the given point, and BC the given straight 
line: it is required to draw from the point A a.straight 
line equal to BC. 

From the point A to Pdraw 
the straight line AB; [Post. 1. 
and on it describe the equi- 
lateral triangle DAP, Lee 
and produce the straight lines 
DA, DB to Eand F. [Post. 2. 
From the centre B, at the dis- 
tance BC, describe the circle 
CGH, meeting DF at G. [Post. 3. 
From the centre PD, at the dis- 
tance DG, describe the circle 
GKL, meeting DE at L. [Post.3 
AL shall be equal to BC. 


Because the point 2 is the centre of the circle CGH, 


BC is equal to BG, [ Definition 15. 
And because the point ) is the centre of the circle GAZ, 
DL is equal to DG ; [ Definition 15. 
and DA, DB parts of them are equal ; [ Definition 24. 
therefore the remainder AZ is equal to the remainder 
BG. [Axiom 3. 


But it has been shewn that BC is equal to BG ; 
therefore AZ and BC are cach of them equal to BG. 


But things which are equal to the same thing are equal to 
one another, [Awiom 1. 


Therefore AZ is equal to LC 
Wherefore from the given point A a straight line AL 
has been draicn equal to the given straight line BC. QxE.¥. 
PROPOSITION 3. PROBLEM. 
From the greater of two given straight lines to cut off 
a part equal to the less 


Let 4B and C be the two given straight lines, of which 
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AB is the greater: it is required to cut off from AB, the 

greater, a part equal to C the less. 
From the point 4A draw 

the straight line 4D equal 

to C; apes 


and froin the centre A, at 
the distance AD, describe 
the circle DEF meeting AB 
at £. [Postulate 3. 
AE shall be equal to C. 


Because the point A is the centre of the circle DEF, 


AF is equal to AD. [Definition 15. 
But Cis equal to AD. [Construction. 
Therefore 4 # and C are each of them equal to 4D. 

Therefore AZ is equal to C. [Axiom 1. 


_ Wherefore from AB the greater of two given straight 
lines a part AE has been cut off equal to C the less. Q.E.F. 


PROPOSITION 4. THEOREM. 


Tf two triangles have two sides of the one equal to two 
sides of the other, each to each, and have also the angles 
contained by those sides equal to one another, they shall 
also have their bases or third sides equal; and the two 
triangles shall be equal, and their other angles shall be 
equal, each to each, namely those to which the equal sides 
are opposite. 


Let 4 BC, DEF be two triangles which have the two sides 
AB, AC equal to the two sides DE, DF, each to each, namely, 
AB to DE, and AC to 
DF, and the angle BAC A D 
equal to the angle HDF: 
the base BC shall be equal 
to the base #F, and the 
triangle ABC to the tri- 
angle DEF, and me ane 
angles shall be equal, each = : 

“to a to which the equal . Sl ace F 
sides are opposite, namely, the angle 4BC to the angle 
DEF, and the angle ACB to the angle DFE. 
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For if the triangle A BC be applied to the triangle DEF, 
so that the point 4 may be on the point D, and the 
straight line AB on the D 
straight line DZ, the 
point B will coincide with 
the point #, because AB 
is equal to DE. [/Typ. 
And, AB coinciding with 
DE, AC will fall on DF, 


because the angle BAC 8 C E o 
is equal to the angle EDF. [ Hypothesis. 
Therefore also the point C will coincide with the point /, 
because AC is equal to DF. [ Hypothesis. 


But the point B was shewn to coincide with the point Z, 
therefore the base BC will coincide with the base EF’; 
because, B coinciding with # and C with /, if the base BC 
docs not coincide with the base #/, two straight lines will 
enclose a space ; which is impossible. [Axiom 10. 
Therefore the base BCU coincides with the base #F, and is 
equal to it. [Axiom 8. 
Therefore the whole triangle ABC coincides with the whole 
triangle DF, and is equal to it. [Axiom 8. 
And the other angles of the one coincide with the other 
angles of the other, and are equal to them, namely, the 
angle A BC to the angle DEF, and the angle ACB to the 
angle DFE. 
Wherefore, if two triangles &e.  Q.8.D. 


PROPOSITION 5, THEOREM, 


The angles at the base of an isosceles triangle are equal 
to one another; and if the equal sides be produced the 
angles on the other side of the base shall be equal to one 
another. 


Let ABC be an isosceles triangle, having the se 4B 
equal to the side AC, and let the straight lines 4B, AC 
be produced to D and #; the angle 4 BC shall be equal to 
the angle ACA, and the angle CBD to the angle BCE. 

In BD take any point F, 


and from A £# the greater cutoff 47 equal to AF the less, [L3, 
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and join FC, GB. 

Because A Fis equal to AG, [Constr. 
and AB to AC, [ Hypothesis. 
the two sides /'A, AC are equal to the ; 
two sides GA, AB, each to each; and } 
they contain the angle AG common he ae, » 
to the two triangles A/C, AGB; a 
therefore the base YC is equal to the Re \c 
base GB, and the P&ngle AFC to / 
the triangle AGB, and theremaining —// - 
angles of the one to the remaining / 
angles of the other, each to each, to D E 
which the equal sides are opposite, 
namely the angle ACF to the angle A BG, and the angle 


AFC to the angle AGB. eH 
And because the whole AF is equal to the whole AG. 
of which the parts 44, AC are equal, [Hypothesis. 


the remainder BF is equal to the remainder CG. [Aaiom 3. 
And FC was shewn to be equal to GB ; 
therefore the two sides BF, FC are equal to the two sides 
CG, GB, each to each ; 
and the angle 2 /’'C was shewn to be equal to the angle CGB ; 
therefore the triangles BFC, CGB are equal, and their 
other angles are equal, each to each, to which the equal 
sides are opposite, namely the angle BC to the angle 
GOB, and the angle BCF to the angle CLG. ia 
And since it has been shewn that the whole angle A BG 
is equal to the whole angle ACF, 
and that the parts of these, the angles CBG, BCF are also 
equal ; 
therefore the remaining angle ABC is equal to the remain- 
ing angle ACB, which are the angles at the base of the 
triangle ABC. [Axiom 3. 
And it has also been shewn that the angle FBC is 
equal to the angle GCS, which are the angles on the other 
side of the base. 
Wherefore, the angles &e. Q.4.D. 
Corollary. Hence every equilateral triangle is also 
equiangular, 
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PROPOSITION 6. THEOREM. | 


Tf two angles of a triangle be equal to one another, the | 
sides also which subtend, or are oppo- 


site to, the equal angles, shall be equal / ' 
to one another. D | 
Let ABC be a triangle, having the \ | 
angle ABC equal to the angle ACB : the 
side AC shall be equal to the side AB. 
For if AC be not equal to AB, one / 
of them must be greater than the other. a rel 
Let AB be the greater, and from it 
cut off DB equal to AC the less, [I. 3. 
and join DC. 
Then, because in the triangles DBC, ACB, 
DB is equal to AC, [Construction. 
and BC is common to both, 
the two sides DB, BC are equal to the two sides AC, CB, 
each to each ; 
and the angle DBC is equal to the angle ACB ; [Hypothesis 
therefore the base DC is equal to the base AB, and the 
triangle DBC is equal to the triangle ACB, [I. 4 
the less to the greater; which is absurd. [Axiom 9. 
Therefore AB is not unequal to AC, that is, it is equal to it. 
Wherefore, ¢f two angles &c. Q.K.p. 


Corollary. Hence every equiangular triangle is also 
equilateral. q 


PROPOSITION 7. THEOREM. 

On the same base, and on the same side af it, there can- 
not be two triangles having their ;' 
sides which are terminated at one ~—D 
extremity of the base equal to one 
another, and likewise those which 
are terminated at the other eu- 
tremity equal to one another. 

If it be posatbie, on the same 
base AB, and on the same side of 
it, let there be two triangles ACB, 
ADB, having their sides CA, DA, 
Which are terminated at the extremity A of the base, equal 


. 
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to one another, and likewise their sides CB, DB, which are 
terminated at B equal to one another. 
Join UY. Inthe case in which the vertex of each tri- 

angle is without the other triangle ; 

because AC is equal to AD, [Hypothesis 

the angle ACD is equal to the angle ADC. ped: 

But the angle ACD is greater than the angle BCD, [Az. 9. 
_therefore the angle ADC is also greater than the angle 

BCD; 

much more then is the angle BDC greater than the angle 

BCD. 


Again, because BC is equal to BD, [ Hypothesis. 
the angle BDC is equal to the angle BCD. fees 
But it has been shewn to be greater; which is impossible. 
But if one of the vertices as E 
D, be within the other triangle i LS 
ACB, produce AC, AD to ZF. ¥. Cr ; 
Then because AC is equal to £4 
AD, in the triangle ACD, (Hyp. aN 


the angles HCD, FDC, on the 
other side of the kase CD, are 


equal to one another. {I, 5: x 
‘But the angle LCD is greater A B 
than the angle BCD, . [Axiom 9. 


therefore the angle DC is also greater than the angle 
BCD’; 
much more then is the angle BDC greater than the angle 
BCD. 
Again, because BC is equal to BD, [Hypothesis 
the angle BDC is equal to the angle BCD. Ele 5: 
But it has been shewn to be greater ; which is impossible. 
The case in which the vertex of one triangle is on a side 
of the other needs no demonstration. 
Wherefore, on the same base &c. Q.¥.D. 
PROPOSITION 8. THEOREM. 


Tf two triangles have two sides of the one equal to tro 
sides of the other, each to each, and have likewise their 
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bases equal, the angle which is contained by the two sides 
of the one shall be equal to the angle which is contained by 
the two sides, equal to them, of the other. 


Let ABC, DEF be two triangles, having the two sides 
AB, AC equal to the two sides DE, DF, each to each, 
namely AB to DE, and AC to DF, and also the base BC 
equal to the base HF: the angle BAC shall be equal to the 
wighe EDF. 


A 


B Sr ; F 


For if the triangle A BC be applied to the triangle DEF, 
so that the point B may be on the point Z, and the straight 
line BC on the straight line HF, the point C will also coin- 
cide with the point /’, because BC is equal to EF. [Hyp. 
Therefore, BC coinciding with EF, BA and AC will coin- 
cide with BD and DF. 

For if the base BC coincides with the base F, but the 
sides BA, UA do not coincide with the sides LD, FD, bus 
have a different situation as EG, FG; then on the same 
base and on the same side of it there will be two triangles 
having their sides which are terminated at one extremity 
of the base equal to one another, and likewise their sides 
which are terminated at the other extremity. 

But this is impossible. (I. 7. 


Therefore since the base BC coincides with the base BF, 
the sides BA, AC must coincide with the sides BD, DF. 
Therefore also the angle BAC coincides with the angle 
EDF, and is equal to it. : [Aaiom 8. 


Wherefore, if two triangles &c. Q.R.v. 


PROPOSITION 9, PROBLEM. 


To bisect a given rectilineal angle, that is to divide it 
into two equal angles, 
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Let BAC be the given rectilineal A 
angle: it is required to bisect it. 


Take any point D in AB, and 


from AC cut off AFH equal to D E 

AD; (kes: 

join DE, and on DE, on the side 

remote from A, describe the equi- F 

lateral triangle DEF. ile iE B C 

Join AF. The straight line 4 F shall bisect the angle BAC. 
Because AD is equal to A £,. [ Construction. 


and 4F is common to the two triangles DA F, FEAF, 

the two sides DA, AF are equal to the two sides ZA, AF, 
each to each ; 

and the base DF is equal to the base HF’; — [Definition 24. 
therefore the angle DA F is equal to the angle HAF. [I. 8. 

Wherefore the given rectilineal angle BAC is bisected 

by the straight line AF. Q.E.¥. 
PROPOSITION 10. PROBLEM. 
To bisect a given finite straight line, that is to divide it 
into two equal parts. 

Let AB be the given straight 
line : it is required to divide it into 
two equal parts. 

Describe on it an equilateral 
triangle ABC, (ae al 
and bisect the angle ACB by the 
straight line CD, meeting AB at 
D. Et. 9 
AB shall be cut into two equal parts at the point D. 

Because AC is equal to CB, [ Definition 24. 
and CD is common to the two triangles ACD, BCD, 
the two sides AC, CD are equal to the two sides BC, CD. 
each to each ; 
and the angle ACD is equal to the angle BCD; — [Constr. 
therefore the base AD is equal to the base DB. [T. 4. 

Wherefore the given straight line AB is divided into 
teco equel parts at the point D. QE.F, 


C 


A D B 


> 
- 
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PROPOSITION 11. PROBLEM, . 

To draw a straight line at right angles to a given — 
straight line, from a given F | 


point in the same. 

Let AZ be the given 
straight line, and C the given 
point in it: it is required to 
draw from the point C a 
straight line at right angles 


to AB. one a B 
Take any point D in AC, and make CZ equal to CD. [T. 8 
On DE describe the equilateral triangle DFE, [Lm 


and join CF. 
The straight line C7’ drawn from the given point C ie 
be at right angles to the given straight line 4B, 

Because DC is equal to CE, [Construction. 
and CF’ is common to the two triangles DOF, ECF; 


the two sides DC, CF are equal to the two sides EC, CF 
each to each ; e 


and the base DF’ is equal to the base BA”; — [Definition 24, 
therefore the angle DCF is equal to the angle ECF; [I. & 
and they are adjacent angles. ° 
But when a straight line, standing on another straight F 


line, makes the adjacent angles equal to one another, each 
of the angles is called a right angle ; [ Definition 10. 


therefore cach of the angles DCF, ECF is a right angle. 


Wherefore from the given point C in the given straight — 
line AB, CF has been draien at right angles to AB. QK®. 


any 


Corollary. By the help of this problem it may be shewn 
that two straight lines cannot 
have a common seginent. FE 

If it be os let the 
two straight lines 4 BCL ABRD 
have the segment 42 com- 
mon to both of them. 

From the point B draw ny fg 
BE at right angles to 4B. oS! * 


Then, because ABC isa straight line, [Hypotheats, 
the angle OBH is equal the angle EBA. — [J \winition 
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Also, because A BD is a straight line, [Hypothesis. 

the angle DBE is equal to the angle HBA. 

Therefore the angle DEL is equal to the angle CBE, [Az. 1. 

the less to the greater ; which is impossible. [Axiom 9. 
Wherefore two straight lines cannot have a common 

segment. 


PROPOSITION 12. PROBLEM. - 


To draw a straight line perpendicular to a given 
straight line of an unlimited length, from a given point 
without it. 

Let AB be the given straight line, which may be pro- 
duced to any length both ways, and let C' be the given point 
without it: it is required to draw from the point C a 
straight line perpendicular to AB. 


Take any point D on Cc 
the other side of AB, and 
from the centre C, at the 


distance CD, describe the gE 
circle HGF, meeting AB at ae + 
F and G. [Postulate 3. ‘ 


Bisect FG at H, felicses ssa. a oe 
and join CH. 

The straight line CH drawn from the given point C 
shall be perpendicular to the given straight line 4 2. 

Join CF, CG. 

Because #77 is equal to HG, [Cons'ruction. 
and HC is common to the two triangles FTC, GHC ; 
the two sides FH, HC are equal to the two sides GH, HC, 
each to each ; ; 
and the base CF is equal to the base CG; — [Definition 15. 
therefore the angle CHF is equal to the angle CH/G ; [1.8. 
and they are adjacent angles. 
But when a straight line, standing on another straight line, 
makes the adjacent angles equal to one another, each of the 
angles is called a right angle, and the straight line which 
stands on the other is called a perpendicular to it. [Def. 10. 

Wherefore a perpendicular CH has been drawn to 
the given straight line AP from the given point C with- 
out it. QE.F. 
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PROPOSITION 13. THEOREM. 


The angles which one straight line makes with another 
straight line on one side of it, either are two right angles, 
or are together equal to two right angles. id 

Let the straight line 4B make with the straight line 
CD, on one side of it, the angles CBA, ABD: these either 
are two right angles, or are together equal to two right 
angles. 


A 
D Bo C D = C 
For if the angle CBA is equal to the angle ABD, each 
of them is a right ongle. [ Definition 10. 


if not, from the point B draw BH at right angles a 
[I. 11. 
therefore the angles CBE, EBD are two right angles.[ Def.10. 
Nowthe angle CBZ is equal to the two angles CBA, ABE; 
to each of these equals add the angle EBD ; 


therefore the angles CBE, EBD are equal to the three 
angles CBA, ABE, EBD. [Axiom 2 


oe the angle DBA is equal to the two angles DBE, 


to each of these equals add the angle 4 BC; 
therefore the angles DBA, ABC are equal to the three 
angles DBE, EBA, ABC. [ Aaiom 2. 
But the angles CBE, EBD have been shewn to be equal 
to the same three angles. 

Therefore the angles CBE, EBD are equal to the angles 
DBA, ABC. : [Aziom 1 
But CBL, EBD are two right angles ; 
therefore DLA, ABC are together equal to two righ 
angles. 

Wherefore, the angles &e. ann. 
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PROPOSITION 14. THEOREM. 


Tf, ata point in a straight line, two other straight lines, 
on the opposite sides of it, make the adjacent angles toge- 
ther equal to two right angles, these two straight lines 
shall be in one and the same straight line. 


At the point B in the straight line AB, let the two 
straight lines BC, BD, on the opposite sides of 45, make 
the adjacent angles ABC, ALD together equal to two 
right angles: BD shall be in the samestraightline with CB. 

For if BD be not in i 
the same straight line with 
CB, \et BE be in the same 
straight line with it. 

Then because the straight 
line AB makes with the 


straight line CBE, on one E 
side of it, the angles A BC, G B 

ABE, these angles are to- 

gether equal to two right angles. [I. 13. 
But the angles ABC, ABD are also together equal to two 
right angles. [ Hypothesis. 


Therefore the angles ABC, ABE are equal to the angles 
ABC, ABD. 

From each of these equals take away the common angle 
ABC, and the remaining angle 4 BE is equal to the remain- 
ing angle ABD, [Aaiom 3. 


the less to the greater ; which is impossible. 
Therefore BZ is not in the same straight line with CB. 


And in the same manner it may be shewn that no other 
can be in the same straight line with it but BD ; 


therefore BD is in the same straight line with CB. 
Wherefore, 7f ai a point &e. QED. 


PROPOSITION 15. THEOREM. 


Lf two straight lines cut one another, the vertical, or 
opposite, angles shali be equal. 
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Let the two straight lines 4B, CD cut one another at 
the point #; the angle AC shall be equal to the angle 
DEB, and the angle CEB 
to the angle AED. 

Because the straight line 
AE makes with the straight > E 
line CD the angles CEA, 

AED, these angles are toge- 

ther equal to two right angles. [T. 18. 
A se. einen the straight line D/ makes with th_ straight 
line AB the angles ALD, DEB, these also aro together 
equal to two right angles. [I. 13. 
But the angles CEA, AED have been shewn to be toge- 
ther equal to two right angles. 

Therefore the angles CEA, AED are equal to the angles 
AED, DEB. 

From each of these equals take away the common angle 
AED, and the remaining angle CHA is equal to che re- 
maining angle D/P, [Axiom 3. 

In the same manner is may be shewn tht the angle 
CEB is equal to the anglo ALD. 

Wherefore, if taco straight lines &e. QED. 

Corollary 1. From this it is manifest that, if two straight 
lines cut one another, the angles which they make at the 
point where they cut, are together equal to four rightangles. 

Corollary 2. And consequently, that all the angles made 
by any number of straight lines meeting at one point, are 
together equal to four right angles. 


PROPOSITION 16. 7HEOREM 
If one side of a triangle be produced, the exterior angle 
shall be greater than either of the interior opposite angles. 

Let ABC be a triangle, and let one side BC be pro- 
fluced to D: the exterior angle 4CV shall be greater than 
either of the interior opposite angles CBA, BAC. 

Bisect AC at FL, [I. 10; 
join BE and produce it to 7, making LF equal to HB,[L 3. | 
and join FC. 

Because 47 is equal to LC, and BE to EF; [Constr 
the two sides 4, HB are equal to the two sides CZ, 

‘ach to each ; 
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and the angle AB is equal to the angle CZF, 
because they are opposite ver- 
tical angles ; LI 15; 
therefore the triangle AFB 
is equal to the triangle CE, 
and the remaining angles to 
the remaining angles, each to 
each, to which the equal sides 
are opposite ; [I. 4. 
therefore the angle BAF is 
equal to the angle ECF. 
But the angle HCD is greater 
than the angle LCF. [Axiom 9. G 
Therefore the angle ACD is greater than the angle BAL. 
In the same manner if BC be bisected, and the side AC 
be produced to G, it may be shewn that the angle BCG, 
that is the angle ACD, is greater than the angle A BC. [I. 15. 
Wherefore, ¢f one side &c. Q.E.D. 


PROPOSITION 17. THEOREM. 
Any two angles of a triangle are together less than two 
right angles. 
Let ABC be a triangle: any two of its angles are 
together less than two right angles. 
Produce BC to D. 
Then because ACD is the exte- 

rior angle of the triangle ABC, it : 
is greater than the interior oppo- yo 
site angle 4 BC. Bie 16: 

To each of these add the angleACB b- 
Therefore the angles ACD, ACB 
are greater than the angles ALC, ACB. 
But the angles ACD, ACB are together equal to two right 
angles. [. 13k 
Therefore the angles ABC, ACB are together less than 
two right angles. 

- In the same manner it may be shewn that the angles 
BAC, ACB, as also the angles CAB, ABC, are together 
less than two right angles. 

Wherefore, any two angles &c. Q.E.D. 


A 
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PROPOSITION 18. THEOREM. 


The greater side of every triangle has the re 
angle opposite to it. ’ 
Let ABC be a triangle, of which the side AC is greater 
than the side AZ: the ‘angle ABC is also greater than the 
angle ACB. 


Because AC is greater than é 
AB, make AD equal to AB, [1. 8. 
and join BY. . 
Then, because A DB is the ex- D 
terior angle of the triangle BDC, 
it is greater than the interior op- 8B C 
posite angle DCB. [I. 16. 
But the angle A DB is equal to the angle ABD, (1. 5. 
because the side AD is equal to the side 4B. [Constr. 
Therefore the angle ABD is also greater than the angle 
ACB. 
Much more then is the angle ABC greater than the angle 
ACB. [Aaiom 9. 
Wherefore, the greater side &c. Q.E.D. 


PROPOSITION 19. THEOREM, 
The greater angle of every triangle is subtended by the 
greater side, or has the greater side opposite to it, 


Let ABC be a triangle, of which the angle ABC is 
greater than the angle ACB: the side AC is also greater 
than the side AB, 


For if not, AC must be either 
equal to 4B or less than AB, 


But AC is not equal to AB, 


for then the angle ABC would 
be equal to the angle ACB; [1.5 


but it is not; [Hypothesis, b 
therefore A C is not equal to 4B. 
Neither is 4 less than AR, 

for then the angle ABC would be less than the angl 
ACB; 

but it is not; 


A 
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therefore AC is not less than AB. 
And it has been shewn that AC is not equal to AB. 
Therefore AC is greater than AB. 

Wherefore, the greater angle &c. Q.B.D. 


PROPOSITION 20. THEOREM. 


Any two sides of a triangle are together greater than 
the third side. 
Let ABC be a triangle: any two sides of it are together 
greater than the third side; 
namely, BA, AC greater than 


D 
A] 
BC;and AB, BC greater than A | 
AC; and BC, CA greater than 
AB. = 
B “JG 
; (lees 


Produce BA to D, 
making AD equal to AC, 
and join DC. 

Then, because AD is equal to AC, [Construction. 
the angle ADC is equal to the angle ACD. Mee 
But the angle BCD is greater than the angle ACD. [Az. 9 
Therefore the angle BCD is greater than the angle BDC. 
And because the angle BCD of the triangle BCD is 
greater than its angle BDC, and that the greater angle is 
subtended by the greater side ; fin 19%, 
therefore the side BD is greater than the side BC. 

But BD is equal to BA and AC. 

Therefore BA, AC are greater than BC. 

~ In the same manner it may be shewn that 4B, BC are 
greater than AC, and BC, CA greater than AB. 

Wherefore, any two sides &e. _ Q.E.D. 


PROPOSITION 21. THEOREM. 


If from the ends of the side of a triangle there be drawn 
two straight lines to a point within the triangle, these 
shall be less than the other two sides of the triangle, but 
shall contain a greater angle, 
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Let ABC be a triangle, and from the points B, C, 
the ends of the side BC, 
let the two straight lines 
BD, CD be drawn tothe 
point D within the triangle: 
BD, DC shall be less 
than the other two sides 
BA, AC of the triangle, 
but shall contain an angle 
BDC greater than the 
angle BAC. 


Produce BD to meet AC at E. 

Because two sides of a triangle are greater than the 
third side, the two sides BA, AF of the triangle ALE are 
greater than the side BE. {I. 20. 
To each of these add LC. ; 
Therefore BA, AC are greater than BE, EC. 

Again ; the two sides CZ, ED of the triangle CHD are 
greater than the third side CD. (I. 20. 
To each of these add DB. 

Therefore CE, EB are greater than CD, DB. 

But it has been shewn that BA, AC are greater than 
BE, EC; 

much more then are BA, AC greater than BD, DC. 

Again, because the exterior angle of any triangle is 
greater than the interior opposite angle, the exterior 
angle BDO of the triangle CDF is greater than the angle 
CED. (I. 16. 
For the same reason, the exterior angle C/B of the tr- 
angle ABE is greater than the angle BAL. ¢ 
But it has been shewn that the angle BDC is greater than 
the angle CHB; 
rr more then is the angle BD€ greater than the angle 
BAC. 

Wherefore, {/ from the ends &. Q.W.D. 
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PROPOSITION 22. PROBLEM. 


To make a triangle of which the sides shall be equal to 
three given straight lines, but any tio whatever of these 
must be greater than the third. 


Let A, B, C be the three given straight lines, of which 
any two whatever are greater than the third; namely, 
A and B greater than (’; A and C greater than B; and 
B and C greater than A : it is required to make a triangle 
of which the sides shall be equal to 4, B, C, each to each. 


Take a straight line 
DE terminated at the 
point D, but unlimited 
towards #, and make 
DF equal to A, FG D E 
equal to B, and GH 
equal to C. [I. 3. 
from the centre F, 


it the distance FD, A — 
lescribe the circle z 


DEL. [Post. 3. 
‘yom the centre G, at the distance GH, describe the circle 
ULK, cutting the former circle at K. 
Join KF, KG. The triangle A/G shall have its sides 
quil to the three straight lines 4, B, C. 
Because the point / is the centre of the circle DKZL, 


FD is equal to FA. { Definition 15. 
But FD is equal to A. j [ Construction. 
Therefore PK is equal to A. [Axiom 1. 
Again, because the point G is the centre of the circle HLK, 
GH is equal to GK. [ Definition 15. 
But G@// is equal to C. [Construction. 
Therefore GK is equal to C. [Axiom 1 
And IG is equal to B. [ Construction. 


Therefore the three straight lines AV, FG, GA are equal 
to the three A, B, C. 

Wherefore the triangle KFG has its three sides 
KF, FG, GK equal to the three given straight lines 
A, B,C. Q.EAF. 
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PROPOSITION 23. PROBLEM, 


At a given point in a given straight line, to make a 
rectilineal angle equal to a given rectilineal angle. 


Let AB be the given straight line, and A the given 
point in it, and DCE the given rectilineal angle: itis 
required to make at the given point A,in the given straight 
line A, an angle equal to the given rectilineal angle 
DCE. 

In CD, CE tike any C 
points D, £, and join DL. 

Make the triangle 47°C the / 
sides of which shall be equal 
to the three straight lines / | FA 
CD, DE, EC; so that AF — ic 

shall be equal to CD), AG to k 
CE, and FG to DE. [I. 22. fo 
The angle FAG shall be B 
equal to the angle DCE. 

Because /'A, AG are equal to DC, CE, each to each, 
and the base /'G@ equal to the base DEF ; [Construction, 
therefore the angle AG is equal to the angle DCE. [L. 8. 

Wherefore at the given point A in the given straight 
tine AB, the angle FAG has been made equal to the given 
rectilineal angle DCE. Q.%.¥. 


PROPOSITION 24. THEOREM. 


[f two triangles hare tro sides of the one equal to twe ® 
sides of the other, each to each, but the angle contained by 
the two sides of one of them greater than the angle con- 
tained by the two sides equal to them, of the other, the base 
of that which has the greater angle shall be greater than 
the base of the other, 


Let ABC, DEF be two triangles, which have the two 
sides AB, AC, equal to the two sides DH, DF, each 
each, namely, AB to DF, and AC to DF, but the angl 
BAC greater than the angle “DF; the base BC shall 
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greater than the base 

EF. i * 
Of the two sides 

DE, DF, \et DE be 

the side which is not 

greater than the other. 

At the point PD in 

the straight line DZ, i ie 


make the angle EDG 
equal to the angle 


BAC, Bre 2s, 
and make DG equal to AC or DF, [il. 3. 
_ and join ZG, GF. 
Because A 2 is equal to DE, [ Hypothesis. 
and AC to DG; [Construction. 


the two sides BA, AC are equal to the two sides ED, DG. 
each to each ; 


and the angle BAC is equal to the angle EDG; — [Constr. 


therefore the base BC is equal to the base ZG. iva: 
And becuse DG is equal to DF, [Construction. 
the angle DG F is equal to the angle DFG. peo 


But the angle DG F is greater than the angle EGF. [Az 9. 
Therefore the angle DFG is greater than the angle EGF. 


Much more then is the angle 2G greater than the angle 
EGF. [Axiom 9. 


And because the angle “FG of the triangle EFG is 
greater than its angle GF. and that the greater angle is 
subtended by the greater side, Pi. £9. 


therefore the side £G is greater than the side FF. 

But LG was shewn to be equal to BC; ~ 

therefore BC is greater than EF. ‘ 
Wherefore, if two triangles &c. Q.E.D. 


PROPOSITION 25. THEOREM. 


Lf two triangles have two sides of the one equal to tren 
sides of the other, each to each, but the base of the one 
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greater than the base of the other, the angle contained by 
the sides of that which has the greater base, shall be 
greater than the angle contained by the sides equal to 
them, of the other. 


Let ABC, DEF be two triangles, which have the two 
sides AB, AC equal to the two sides DE, DF, each to 
each, namely, AB to DE, and AC to DF, but the base 
BC greater than the base ZF: the angle BAC’ shall 
be greater than the angle 
EDF. 

For if not, the angle 
BAC must be either equal oe 
to the angle HDF or less” | : 


than the angle EDF. <a 5 
But the angle BAC is not <* . 
equal to the angle HDF, BL "Cc & 

for then the base BC 

would be equal to the base ZF’; [I. 4. 
but it is not ; [ Hypothesis. 


therefore the angle BAC is not equal to the angle HDF. 

Neither is the angle BAC less than the angle EDF, 

for then the base BC would be less than the base #7’; [I. 24. 

but it is not ; [ Hypothesis. 

therefore the angle BAC is not less than the angle BDF. 

And it has been shewn that the angle BAC is not equal 

to the angle LDF. 

Therefore the angle BAC is greater than the angle BDF. 
Wherefore, if tevo triangles &c.  Q.B.D. 


PROPOSITION 26. THEOREM. 


If two triangles hare tio angles of the one equal to two 
angles of the other, cach to each, and one side equal to 
one side, namely, either the sides adjacent to the equal 
angles, or sides which are opposite to e ual angles in each, 
then shall the other sides be equal, each to each, and also 
the third angle of the one equal to the third angle of the 
other. 


Let ABC, DEF be two triangles, which have the 
angles ABC, BCA equal to the angles DEF, EFD, each 
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to each, namely, ABC to DEF, and BCA to EFD; and 
fet them have also one side equal to one side ; and first let 
those sides be equal which are adjacent to the equal angles 
in the two triangles, namely, BC to HF: the other sides 
shall be equal, each to each, namely, AB to DE, and 
ACO to DF, and the third 
angle BAC equal to the A 
third angle EDF. 

For if AB be not @ 
equal to DF, one of them 
must be greater than the 
other. Let AB be the 


greater, and make BG GC KF 
equal to DE, [I. 3. 
and join GC. 

Then because GB is equal to DE, [Construction. 
and BC to EF; [Hypothesis. 


the two sides GB, BC are equal to the two sides DE, EF, 
each to each ; 


and the angle GBC is equal to the angle DEF ; [Hypothesis. 


therefore the triangle GBC is equal to the triangle DEF, 
and the other angles to the other angles, each to each, to 
which the equal sides are opposite ; [i 4 


therefore the angle GCB is equal to the angle DFE. 

But the angle DFZ is equal to the angle ACB. [Hypothesis, 
Therefore the angle GCB is equal to the angle ACB, [Az. 1. 
the less to the greater ; which is impossible. 

Therefore ABZ is not unequal to DZ, 

that is, it is equal to it ; 

and BC is equal to LF’; [ Hypothesis. 
therefore the two sides A, BC are equal to the two sides 
DE, EF, each to each ; 

and the angle ABC is equal to the angle DEF; [Hypothests. 


therefore the base AC is equal to the base DF, and the 
third angle BAC to the third angle EDF. pA. 
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Next, let sides which are opposite to equal angles in 
each triangle be equal to one another, namely, AB to 
DE: likewise iu this case the other sides shall be equal 
each to each, namely, BU to HF, and AU to DF, and 
also the third angle LAC cqual to the third angle BDF. 


For if BC be not a D 
equal to ZF, one of them 
must be greater than 


the other. 
Let BC be the greater, 
and make BH equal to - 
’ [I. 3. ka et 
and join AH, HC & 
Then because BH is equal to LF, (Construction. 
and AB to DE; [ Hypothesis, 


the two sides 4B, BH are equal to the two sides DZ, EF, 
each to each ; 
and the angle A B// is equal to the angle DEF ; (Hypothesis. 


therefore the triangle 4// is equal to the triangle DEF, 
and the other angles to the other angles, each to each, to 


which the equal sides are opposite ; [ie 
therefore the angle B//A is equal to the angle EFD. 

But the angle L/D is equal to the angle BCA. (Hypothesis. 
Therefore the angle B/4 is equal to the angle BCA; [Azx.1. 
that is, the exterior angle B//A of the triangle A/Z/C is 
equal to its interior opposite angle BCA ; 


which is impossible. {I. 16. 
Therefore BC is not unequal to LF, 

that is, it is equal to it ; 

and AB is equal to DE; | Hypothesis. 


therefore the two sides 4B, BC are equal to the two sides 
DE, EF, each to each ; 

and the angle ABC is equal to the angle DEF ; (Hypothesis, 
therefore the base AC is equal to the base DF, and the 
third angle 2AC to the third angle EDE. [1. 4. 


Wherefore, if taro triangles &c.  Q.B.D. 
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PROPOSITION 27. THEOREM. 


Tf a straight line falling on two other straight lines, 
make the alternate angles equal to one another, the two 
straight lines shall be parallel to one another. 


Let the straight line #F, which falls on the two straight 
lines AB, CD, make the alternate angles AHF, EF'D 
equal to one another: AB shall be parallel to CD. 

For if not, AB and CD, being produced, will meet 
either towards 2, D or towards A,C. Let them be pre- 
duced and meet towards 4, D at the point G. 


ya 
We D 


Therefore GEF is a triangle, and its exterior angle ALL 
is greater than the interior opposite angle EFG ; fis 16. 
But the angle A ZF’ is also equal to theangle HFG ; [Hyp. 
which is impossible. 
Therefore AB and CD being produced, do not meet to- 
wards B, D. 

In the same manner, it may be shewn that they do not 
neet towards A, C 
But those straight lines which being produced ever so far 
both ways do not meet, are parallel. [ Definition 35. 
Therefore AB is parallel to CD. 

Wherefore, if a straight line &c. Q.E.D. 


PROPOSITION 28. THEOREM. 


Ifa straight line falling on two other straight lines, 

make the exterior angle equal to the interior and opposite 
angle on the same side of the line, or make the interior 
angles on the same side together equal to two right angles, 
the two straight lines shall be parallel to one another. 


3 
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Let the straight line EF, which falls on the tw 
straight lines 4B, CY), make the exterior angle HGB 
equal to the interior and opposite angle G//D on the same 
side, or make the interior angles on the same side BGH, 
GHD together equal to two right angles: AB shall be 
parallel to CD. 

Because the angle LGB is 
equal to the angle GHD, [ Hyp. 
and the angle 2G Bis also equal 
to the angle AGH, [L. 15, 
therefore the angle AG// is 
equal to the angle G@ZZD; [Ax.1. 
and they are alternate angles ; 
therefore AB is parallel to 
CD. [I. 27. 

Again; because the angles BGH, GHD are together 
equal to two right angles, [Hypothesis. 


and the angles AG//, BGH/ are also together equal to two 
right angles, [I. 18. 


therefore the angles AGH, BGH are equal to the angles 

BGH, GHD. 

‘Takeaway the commonangle BG// ; therefore the remaini 4 

angle AG// isequal to the remaining angle G//D ; [Aviom 3. 

and they are alternate angles ; 

therefore AB is parallel to CD. {I 27. 
Wherefore, if a straight line &e, Q.B.D. 


PROPOSITION 29, THEOREM. 


If a straight line fall on to parallel straight lines, 
it makes the alternate angles equal to one another, and 
the exterior angle equal to the interior and opposite angle 
on the same side; and also the two interior angles on 
the same side together equal to two right angles. 


Let the straight line HF fall on the two paralle 
straight lines 42, CD: the alternate angles AGH, GH. 
shall be — to one another, and the exterior angl 
EGL shall be equal to the interior and opposite angh 


————e 
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on the same side, GHD, and the two interior angles or 
the same side, BG, GHD, shall be together equal to two 
right angles. 


For if the angle AGH be E 
not equal to the angle GHD, NS 
one of them must be greater ms 
than the other; let the angle KG RB 
AGH be the greater. x 


; 

_ Then the angle 4G// is greater os eseares s 
' ~ 

| 


aetna 


than the angle GHD; 

to each of them add ti angle 
| BGA ; 
_ therefore the angles AGH, BGH are greater than the 
angles BGH, GHD. 
But the angles AGH, BGA are together equal to two 
right angles ; [I. 18. 
_ therefore the angles BGH, GHD are together less than 

two right angles. 

But if a straight line meet two straight lines, so as to 

make the two interior angles on the same side of it, taken 

together, less than two ‘Tight angles, these straight lines 

being continually produced, shall at length meet on that 

side on which are the angles which are less than two 

right angles. [Axiom 12. 

Therefore the straight lines AB, CP, if continually pro- 

duced, will meet. 

But they never meet, since they are parallel by hypothesis. 

Therefore the angle AGH is not unequal to the angle 

GHD ; that is, it is equal to it. 

But the angle AGH is equal to the angle EGB. [L. 15; 
Therefore the angle LGB is equal to the angle GHD. [Az. 1. 
Add to each of these the angle BG HZ. 

Therefore the angles EGB, BGH are equal to the angles 

BGH, GHD. [Axiom 2. 
But the angles EGB, BGH are together equal to two 
| rig ht angles. [1.18 
Therefore the angles BGH, GHD are together equal to 
two right angles. [Axiom 1. 
Wherefore, if a straight line &c. QHD. 


F 
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PROPOSITION 30. THEOREM. 


Straight lines which are parallel to the same straigh 
line are parallel to each other. 


Let AB, CD be each of them parallel to EF: AB 
shall be parallel to CD. 


Let the straight line G@HK 
cut AB, EF, CD. 


Then, because GHK cuts / 
the parallel straight lines 4B, r a % 
EF, the angle AGA is equal oF as 
to the angle G/F. [1. 29. u/ 


Again, because GA cuts 


the parallel straight lines /F, f, nee VA D 
CD, the angle GHF is equal 
to the angle GAD. _ [I. 29. 


And it was shewn that the 
angle AGK is equal to the angle GHF. 


Therefore the angle AGK is equal to the angle GAD; [Az. 
and they are alternate angles ; 
therefore AB is parallel to CD [I. 27. 

Wherefore, straight lines &c. Q.B.D. 


PROPOSITION 31. PROBLEM. 


To draw a straight line through a given point par 
to a given straight line. 


_ Let A be the given point, and BC the given straight 
line ; it is required to draw a straight line through th 
point A parallel to the straight line ZC. 


In BC take any point 


D, and join AD; at the 
oint A in the straight 
ine AD, make the angle 


DAE equal to the angle 
ADC; [T. 28, 
and produce the straight line 2A to F. 
EF shall be parallel to BC. 
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Because the straight line AD, which meets the two 
straight lines BC, EF, makes the alternate angles HAD, 
ADU equal to one another, [Construction. 


EF is parallel to BC. fe 276 


Wherefore the straight line EA F is drawn through the 
given point A, parallel to the given straight line BC. Q.E.¥. 


PROPOSITION 32. THEOREM. 


Tf a side of any triangle be produced, the exterior 
angle is equal to the two interior and opposite angles ; 
and the three interior angles of every triangle are toge- 
ther equal to teeo right angles 


Let ABC be a triangle, and let one of its sides BC 
be produced to D: the exterior angle ACD shall be equal 
to the two interior and opposite angles CAB, ABC; and 

_the three interior angles of the triangle, namely, ABC, 
BCA, CAB shall be equal to two right angles. 


Through the point Cdraw A % 
CE paraliel to AB. [I. 31. me 

Then, because A B is par- e x ae 
allel to CZ, and AC falls on Nee. 
them, the alternate angles 8 ~~~ ~~ @ D 
BAC, ACE are equal. [1. 29. 


Again, because AZ is parallel to CH, and BD falls on 
them, the exterior angle ECD is equal to the interior and 
opposite angle ABC. (I. 29. 
But the angle ACH was shewn to be equal to the angle 
BAC; 

therefore the whole exterior angle ACD is equal to the 
two interior and opposite angles CAB, ABC. [Axiom 2. 

To each of these equals add the angle ACB ; 

therefore the angles ACD, ACB are equal 8 the three 
angles CBA, BA iG, ACB. [Axiom 2. 
But the angles ACD, ACB are together equal to two right 
angles ; (Tide: 
therefore also the angles CBA, BAO, ACB are together 
equal to two right angles. [Axiom 1. 


Wherefore, if a side of any triangle &. Q.B.D. 
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Coroupary 1. All the interior angles of any recti- 
lineal figure, together with four right angles, are equal to 
twice as many 1ght angles as the figure has sides. 


For any rectilineal figure ABODE can be divided into 
as many triangles as the figure has sides, by drawing 
straight lines from a point / within the figure to each of 
its angles. 


And by the preceding proposition, 
all the angles of these triangles are 
equal to twice as*many right angles 
as there are triangles, that is, as the 
figure has sides. 

And the same angles are equal to the 
interior angles of the figure, together 
with the angles at the point /, which 
is the common vertex of the triangles, 


that is, together with four right angles. [L. 15. Corollary 2 


Therefore all the interior angles of the figure, together wi th 
four right angles, are equal to twice as many right angles 
as the figure has sides. 


_ Coronary 2. All the exterior angles of any recti~ 
lineal figure are together equal to four right angles. 


Because every interior angle 
ABC, with its a Seine exterior 
angle ABD, is equal to two 
right angles ; [I. 13. 
therefore all the interior angles 

of the figure, together with all 
its exterior angles, are equal to |) 
twice as man; right angles as 
the figure has sides. 


But, by the foregoing Corollary all the interior angles of 
figure, together with four right angles, are equal to tw 
as many right angles as the figure has sides. 
Therefore all the interior angles of the figure, together Wi 

all its exterior angles, are equal to all the interior angles © 
the figure, tovether with four right angles. 


Therefore all the exterior angles are equal to four rg 
angles. 7 
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PROPOSITION 33. THEUREM, 


The straight lines which join the extremities of two 
equal and parallel straight lines towards the same parts, 
are also themselves equal and parallel. 

Let AB and CD be equal and parallel straight lines, 
and let them be joined towards the same parts by the 
straight lines AC and BD: AC and B&D shall be equal 
and parallel. 


Join BC. ~ 4 s 
Then because AB is par- \ ied oN 
allel to CD, [Hypothesis. D> Tia 
and BC meets them, ees, ee 
the alternate angles ABC, i a * 
BCD are equal. [f. 29. ‘ 
And because AB is equal to CD, [ Hypothesis. 


and BC is common to the two triangles ABC, DCL, 
the two sides 4B, BC are equal to the two sides DCU, CB, 
each to each ; 

and the angle ABC was shewn to be equal to the angle 
BCD ; 

therefore the base AC is equal to the base BD, and the 


triangle ABC to the triangle BCD, and the other angles 


to the other angles, each to each, to which the equal sides 
are opposite ; Riged. 
therefore the angle ACB is equal to the angle CBD. 

And because the straight line BC meets the two straight 
lines 4C, BD, ard makes the alternate angles ACB, CLD 
equal to one another, AC is parallel to BD. Leaaes 
And it was shewn to be equal to it. 

Wherefore, the straight lines &. Q.E.D. 


PROPOSITION 34. THEOREM. 


The opposite sides and angles of a paralleloyram are 
equal to one another, and the diameter bisects the par- 
dllelogram, that is, divides it into two equal parts. 


Note. A parallelogram is a four-sided figure of which the 
pposite sides are parallel; and a diameter is the straight line 
joining two of its opposite angles. 
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Let ACDB be a parallelogram, of which BC is 
diameter ; the opposite sides and angles of the figure 
be equal to one another, and the diameter BC shall 
sect it. 


Because AB is parallel B 
to CD, and BC meets them, 
the alternate angles ABC, P< 
BCD are equal to one an- a 


other. {I. 29. 
And because AC is parallel 
to BD, and BC meets them, 
the alternate angles ACB, CBD are equal to one 
another. LI. 29, 
Therefore the two triangles ABC, BCD have two angl 
ABC, BCA in the one, equal to two angles DCB, CBD in 
the other, each to each, and one side BC is common to the 
two triangles, which is adjacent to their equal angles; 
therefore their other sides are i each to each, and 
the third angle of the one to the third angle of the other, 
namely, the side 4B equal to the side CD, and the side 
AC equal to the side BY, and the angle BAC equal to the 
angle UDB. [I. 26. 

And because the angle 4 BC is equal to the angle BCD, 
and the angle CBD to the angle ACB, 
the whole angle 4 BD is equal to the wholeangle ACD. [Aw.2 
And the angle BAC has been shewn to be equal to the 
angle CDB. 
Therefore the opposite sides and angles of a parallelogram 
are equal to one another. 

Also the diameter bisects the parallelogram. 
For AB being equal to CD, and BC common, 
the two sides 4B, BC are equal to the two sides DC, CB 
each to each ; » 


and the angle 4 BC has been shewn to be equal to 
angle BCD ; a 


therefore thetriangleA BOis equalto the triangle BCD,[1. 


and the diameter BC divides the parallelogram ACD. 
into two equal parts, 


Whirefore, the opposite sides &c. Q.BD. 
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PROPOSITION 35. THEOREM. 
Parallelograms on the same base, and between the same 


— parallels, are equal to one another. 


Let the parallelograms ABCD, EBCF be on the same 
base BC, and between the same parallels A ¥, BC: the paral- 
lelogram 4A BCD shall be equal to the parallelogram EBCF. 

If the sides AD, DF of A D F 
the par.lielograms ABCD, 

DBCF, opposite to the base 
BC, be terminated at the same 
point D, it is plain that each of 


the parallelograms is double of B C 
the triangle BDC: [I. 34. 
and they are therefore equal to one another. [Axiom 6. 


But if the sides AD, EF, oppvusite to the base BC 
of the parallelo- 


grams ABCD, a i SPs ae 
EBGF be not \ X 

terminated at of 

the same point, \ f 


then, because B —— 
ABCD is a par- 
allelogram AD is equal to BC; 

for the same reason HF is equal to BC; 


therefore AD is equal to LF’; [Axiom 1. 
therefore the whole, or the remainder, AZ is equal to the 
whole, or the remainder, D/’. [Axioms 2, 3. 
And AB is equal to DC; LE oe 


therefore the two sides #.A, AB are equal to the two sides 
FD, DC cach to each ; 
and the exterior angle FDC is equal to the interior and 


opposite angle LAB ; [I. 29. 
therefore the triangle HAB is equal to the triangle 
FDC. [f. 4. 


Take the triangle FDC from the trapezium ABCF, 
and from the same trapezium take the triangle HAB, 
and the remainders are equal ; [Axiom 3. 
that is, the parallelogram ABCD is equal to the parallelo- 
gram E BOF. 

Wherefore, parallelograms on the same base &. Q.E.D. 
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PROPOSITION 386. THEOREM. 
Parallelograms on equal bases, and between the eame 
parallels, are equal to one another. . 
Let ABCD, EPGIH be parallelograms on equal bases 
BC, #G, and between the same parallels 4H, 2G: the 
parallelogram ABCD shall be equal to the paral!clogram 
EFGAH. 
Join BE, CH. A 
Then, because BO 
is equal to FG, [Hyp. 
and FG to ZH, [1. 34. - 


BC is equal to 
EH ; [Axiom 1. B 


and they are parallels, 


and joined towards the same parts by the straight lines 
BE, Cif. . 
But straight lines which join the extremities of equal and 
parallel straight lines towards the same parts are them- 
selves equal and parallel. (I. 88, 


Therefore BEL, CH are both equal and parallel. 
Therefore EBCH is a parallelogram. [Defi 


And it is equal to ABCD, because they are on the same 
base BC, and between the same parallels BC,AH. [1.38 


For the same reason the parallelogram LFGH is equal | 
to the same EBC//. 


Therefore the parallelogram ABCD is equal to the par 
allelogram EG //, [Aciom 1. 


Wherefore, parallelograms &. QHD. 


D_E 


PROPOSITION 87. 71EOREM. 


Triangles on the same base, and between the same pai 
allels, are equal. 


Let the triangles ABC, E 
DBC be on the same base 
BC, aud between the same 
parallels AD, BC: the tri- 
angle ABC shall be equal 
to the triangle 8C: 

Produce AD both ways 
to the points 2, F’; (Post. 2. 
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through B draw BE parallel to C'A, and through C draw 


CF parallel to BD. [1..81. 
Then each of the figures HBCA, DBCF is a parallele- 
gram ; [ Definition. 


and BCA is equal to DBCF, because they are on the same 


base BC, and between the same parallels BC, HF. [I. 35. 


And the triangle 4 BCis half of the parallelogram EBCA, 
because the diameter 4B bisects the parallelogram ; [I. 34. 


and the triangle DBC is half of the parallelogram DBCF, 

because the diameter DC bisects the parallelogram. [I. 34. 

But the halves of equal things are equal. [Axiom 7. 

Therefore the triangle ABC is equal to the triangle DBC. 
Wherefore, triangles &c. Q.E.D. 


PROPOSITION 38. THEOREM. 
Triangles on equal bases, and between the same par- 
allels, are equal to one another. 


Let the triangles ABC, DEF be on equal bases BC, 
EF, a. . vetween the same parallels BY, AD: the triangle 
ABC shall be equal to the triangle DEF. 

Produce A D both 
ways to the points 
G, EE ; 
through B draw BG 
parallel to CA, and 
through 7’ draw FH 
parallelto #D. [I. 31. B Gea , 


Then each of the 

figures GBC A, DEFH is a parallelogram. [ Definition. 
And they are equal to one another because they are on 
equal bases BC, HF, and between the same parallels 
BF, GH. . [I. 36. 
And the triangle 4 BC is half of the parallelogram GLCA, 
because the diameter AB bisects the parallelogram ; [T. 34. 
and the triangle DHF is half of the parallelogram DE FH, 
because the diameter D/ bisects the parallelogram. 

But the halves of equal things are equal. [Axiom 7. 
Therefore the triangle 4 BC is equal to the triangle DEF, 


Wherefore, triangles &c. Q.8.D. 
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PROPOSITION 39. THEOREM. 


Equal triangles on the same base, and on the same 
side of it, are between the same parallels. 


Let the equal triangles 48C, DBC be on the same 
base BC, and on the same side of it; they shall be be- 
tween the same parallels. 

Join AD. 

AD shall be parallel to BC. 

For if it is not, through A draw 
AF parallel to BC, meeting BD 
at £. [T. 81. 


and join LC. 
Then the triangle ABC is equal to the triangle EBC, 
because they are on the same base BC, and between the 
same parallels DC, AL. [I. 37. 
But the triangle ABC is equal to the triangle DBC. [Hyp. 
Therefore also the triangle DBC is equa! to the triangle 
EBC, [Aaiom 1. 
the greater to the less; which is impossible. 

Therefore AZ is not parallel to BC. 

In the same manner it can be shewn, that no other 
straight line through A but A/ is parallel to BC; 
therefore AD is parallel to BC. 

Wherefore, equal triangles &c.  Q.B.D. 


PROPOSITION 40. THEOREM, 


Equal triangles, on equal bases, in the same straight line, 
and on the same side of it, are beteeen the same parallels. 


Let the equal triangles 4 BC, DEF be on equal bases 
BC, EF, in the same straight line BF, and on the same 


bd 


side of it; they shall be between the same parallels, 
Join AD. 

AD shall be parallel to BF. 
For ifit is not, through A 


draw AG — to BF, 
meeting EDat G [1 31, 


and join GF, 


ee 
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Then the triangle 4 BC is equal to the triangle GFF, 

because they are on equal bases BC, HF, and between 
the same parallels. [I. 38. 
But the triangle ABC is equal to the triangle DEF. [Hyp. 


Therefore also the triangle DHF is equal to the triangle 
GEF, [Axiom 1. 


the greater to the less; which is impossible. 
Therefore AG is not parallel to BF. 


In the same manner it can be shewn that no other 
straight line through A but AD is parallel to BF; 


therefore AD is parallel to BF, 
Wherefore, equal triangles &c. Q.E.D. 


PROPOSITION 41. THEOREM. 


If a parallelogram and a triangle be on the same base 
and between the same parallels, the parallelogram shall be 


— double of the triangle. 


Let the parallelogram ABCD and the triangle EBC be 
on the same base BC, and between the same parallels 
BC, AE: the parallelogram A BCD shall be double of the 
triangle HBC. 

Join AC. A DoE 

Then the triangle ABC 
is equal to the triangle EBC, 
because they are on the same 
base BC, and between the same 
parallels BC, AL. peeve 
But the parallelogram ABCD B 
is double of the triangle ABC, 
because the diameter AC bisects the parallelogram. [I. 34. 
Therefore the parallelogram 4 BCD is also double of the 
triangle LLC. 

Wherefore, ¢f a parallelogram &c. Q.B.D. 
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PROPOSITION 42. PROBLEM. 


_To describe a parallel.gram that shall be equal to @ 
given triangle, and have one of its angles equal te a given 
rectilineal angle. 


_ Let ABC be the given triangle, and D the given recti- 
lineal angle: it is required to describe a parallelogram that 
shall be equal to the given triangle 4 2C, and haye one of 
its angles equal to D. 

Bisect BC at Z: [T. 10. 
join AZ, and at the point 
E, in the straight line £C, 
make theangle CE F equal 
to D; [I..28. 
through A draw AFG 
parallel to #C,and through 
C draw CG@ parallel to 


EF. [I. 31. 
Therefore /ZCG is a parallelogram. [ Definition. 
And, because BE is equal to EC, [Construction 


the triangle 4 BZ is equal to the triangle AVC, because 
they are on equal bases BL, LC, and between the same 
parallels BC, AG. [I. 38. 


Therefore the triangle ABC is double of the triangle ALC. 
But the parallelogram FECGE is also double of the triangle 
AEG, because they are on the same base ZC, and between 
the same parallels 2/", 4“. [I. 41. 
Therefore the parallelogram /“£CG is equal to the triangle 
ABC; [Axiom 6. 


and it has one of its angles CE equal to the given angle 


[Construction, 


Wherefore a parallelogram FECG has been described 
equal to the given triangle ABC, and having one of ils 
anyles CEF equal to the given angle D, Q.i.F. 
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PROPOSITION 43. THEOREM. 


The complements of the parallelograms which are about 
the diameter of any parallelogram, are equal to one 
another. 


| Let ABCD bea parallelogram, of which the diameter 
‘is AC; and EH, GF parallelograms about AC, that is. 
through which AC passes ; and BK, KD the other paral- 
Jelograms which make up the whole figure ABCD, and 
which are therefore called the complements: the comple- 
ment BA shall be equal to the complement AD. 


| Because ABCD is a 


| parallelogram, and AC its ca D 
‘diameter, the triangle ABC 
‘is equal to the triangle E fs 
| ADC. [I. 34. 


| Again, because AZKH is 

a parallelogram, and AK 

‘its diameter, the triangle 

| AEK is equal to the triangle BG C 
\AAK. [I. 34. 

For the same reason the triangle KGC is equal to the 
| triangle AFC. 

| Therefore, because the triangle AWK is equal to the tri- 

‘angle AHK, and the triangle KGC to the triangle KFC ; 

the triangle 4 HK together with the triangle KGC is equal 

to the triangle A 7K together with the triangle AFC. [Az.2. 
But the whole triangle 4 BO was shewn to be equal to the 

' whole triangle 4 DC. 

' Therefore the remainder, the complement PF, is equal to 

the remainder, the complement AD. [Axiom 3. 


| ‘Wherefore, the complements &c. Q.E.D. 


PROPOSITION 44. PROBLEM. 


| Toa given straight line to apply a parallelogram, 
which shall be equal to a given triangle, and have one 
of its angles equal to a given rectilineal angle. 
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Let AB be the given straight line, and C the giver 
triangle, and D the given rectilineal angle: it is require 
to apply to the straight line 48 a parallelogram equal 
the triangle C, and having an angle equal to D. ; 


+f] 
i 


Lv 


1 


K 


a 


j 


Make the parallelogram BEFG equal to the triangle 
Q, and having the angle EBG equal to the angle D, so 
that BE may be in the same straight line with AB; [I. 42. 
produce FG to H; 
through A draw AH parallel to BG or EF, [I. 31. 
and join /7B. 

Then, because the straight line HF falls on the parallels 
AH, EF, the angles AHF, HFE are together equal to 
two right angles. [I. 29. 
Therefore the angles BHF, HFE are together less than 
two right angles. 
But straight lines which with another straight line make the 
interior angles on the same side together less than two right 
angles will meet on that side, if produced far enough. |Ax.12 
Therefore 7B and FE will meet if produced ; 
let them meet at A. 
Through A draw AZ parallel to LA or FH; [I. 31 
and produce //A, GB to the points L, M. 

Then //L KF is a parallelogram, of which the diameter 


is HK; snd AG, ME are parallelograms about HK; and 
LB, BF are the complements. 


\ 


( 
I 


Therefore 1B is equal to BF. (I. 48, 
But BF is equal to the triangle C. [Construction, 
Therefore LB is equal to the triangle C. [Aviom 1, 


_ 
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And because the angle G B H isequal to theangle 4 BM, [1.15. 
and likewise to the angle D; (Construction. 
the angle 44M is equal to the angle D. [Axiom 1. 

Wherefore to the given straight line AB the parallelo- 


gram LB is applied, equal to the triangle C, and having 


the angle ABM equal to the angle D.  Q.&.F. 


PROPOSITION 45. PROBLEM. 


To describe a parallelogram equal to a given rectilineal 
Jigure, and having an angle equal to a given rectilineal 
angle. 

Let ABCD be the given rectilineal figure, and # the 
given rectilineal angle: it is required to describe a par- 
allelogram equal to 4 BCD, and having an angle equal to #. 


i Gin 


KK | TM 


Join DB, and describe the parallelogram FH equal to 
the triangle A DZ, and having the angle “AH equal to the 
angle Z; [ie4o 


and to the straight line GH apply the parallelogram @M 


equal to the triangle DSC, and haying the angle GHM 


- equal to the angle £. [I. 44. 
The figure “AZZ shall be the parallelogram required. 


Because the angle £ is equal to each of the angles FKW, 
GHM, [Construction, 


the angle PX # is equal to the angle GH. [Aziom 1. 
Add to each of these equals the angle KHG; 


therefore the angles FAH, KHG are equal to the angles 
KHG, GHM. [Axiom 2. 


But PKA, KHG aretogether equal to two right angles; [1.29. 


therefore K 1G,GHM are together equal to two right angles, 


4 
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aa 


i K H M 
And because at the point 77 in the straight line GH, the 
two straight lines Ru ZIM, on the opposite sides of it, 
make the adjacent angles together equal to two right angles, 
KH is in the same straight line with 7M. [l. 14. 


And because the straight line HG@ meets the parallel 
KM, FG, the alternate angles MHG, HGF are equal. [I.29. 


Add to each of these equals the angle HGL ; 


therefore the angles 4///G, HGL, are equal to the angles 
HGF, HGL. [Aaiom 2. 
But MHG, 1G Lare together equal to two right angles; [I. 29. 
therefore HGF, HG L are together equal to two right angles: 
Therefore /G is in the same straight line with GZ. [1.14 
And because A Fis parallel to 7G, and HG to ML[ Constr. 
KF is parallel to W/L ; 
and AM, FL are parallels ; 
therefore A /’/M is a parallelogram. [ Definition: 
And because the triangle 4 BD is equal to the parallelo- 
gram //F, [Constructi 
and the triangle DBC to the parallelogram GM ; 
the whole rectilineal figure ABCD is equal to the whole 
parallelogram AF LM, [Axiom 2 


Wherefore, the parallelogram KFLM has been de- 
scribed equal to the given rectilineal figure ABCD, and rt 
having the angle FKM equal to the given angle E. 8%. 

CoROLLany. From this it is manifest, how to & giv 
straight line, to apply a parallelogram, which shall have an 
angle equal to a given rectilineal angle, and shall be equal 
to a given rectilineal figure ; namety, by applyin to 
given straight line a parallelogram equal to the first 
poe ABD, and having an angle equal to the given angle 
and 80 on. {I. 4 


\ 
\ 
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. PROPOSITION 46. PROBLEM. 
| To describe a square on a given straight line. 


_ Let AB be the given straight line: it is required to- 

| describe a square on 4 B. 

' From the point A draw AC 5 

}at right angles to 4B; bE iE. 

}and make 4D equal to AB; [1.3. 

‘through D draw DE parallel to D E 
AB; and through B draw BE 

| varallel to 4D. Eiesd. 
{DEB shall be a square. 

' For ADEB isby construction 

b parallelograin ; 


therefore AB is equal to DE, A 
_and 4D to BE. [f. 34. 
But AB is equal to AD. [Construction. 


“sal the four straight lines BA, AD, DE, EB are 


equal to one another, and the parallelogram ADEB is 

equilateral. [Axiom 1. 
Likewise all its angles are right angles. 

For since the straight line 4D meets the parallels 4B, 

DE, the angles BAD, ADE are together equal to two 


right angles ; [I. 29. 
but BAD is a right angle ; [ Construction. 
therefore also 4 DZ is a right angle. [Axiom 3. 


But the opposite angles of parallelograms are equal. [I. 34. 
Therefore each of the opposite angles ABEL, BED is a 
right angle. [Axiom 1, 
Therefore the figure A DEB is rectangular ; 

and it has been shewn to be equilateral. 

Therefore it is a square. [Definition 30, 
And it is described on the given straight line AB. QE.¥. 
Corottary. From the demonstration it is manifest that 
every parallelogram which has one right angle has all its 
angles right angles. 
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In any right-angled triangle, the square which is de- 
scribed on the side subtending the right angle is equal to 
the squares described on the sides which contain the right 
angle. 

Let ABC be aright-angled triangle, having the right 
angle BAC: the square described on the side BC shall be 
equal to the squares described on the sides BA, AC. 

On BC describe = 
the square BDEC, 
and on BA, AC de- 
scribe the squares 
GB, HC; [T. 46. 
through A draw AL 
parallel to BD or 
CE ; Fi: Bf 
and join AD, FC. 

Then, because the 
angle BAC is a right 
angle, [Typothesis. 
and that the angle 
BAG is also a right 
angle, [Definition 30. 
the two straight lines 4C, AG, on the opposite sides of 
AB, make with it at the point A the adjacent angles equal 
to two right angles ; 
therefore C/A is in the same straight line with AG. [I. 14. 
ves the same reason, AB and A// are in the same straight 

ine. 

Now the angle DBC is equal to the angle /'2.A, for each 
of them is a right angle. [Awiom 11. 
Add to each the angle ABC. 


Therefore the whole angle DBA is equal to the whole angle 


FBC. [Awiom 2, 
And because the two sides AB, BD are equal to the two 
sides FB, BC, each to each ; [Definition 30. 


and the angle VBA is equal to the angle FBC ; 
therefore the triangle ABD i i 
a WW 8 equal to the ar 
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/ Now the parallelogram SZ is double of the triangle 
ABD, because they are on the same base BD, and between 
the same parallels BD, AL. [I. 41. 
And the square GB is double of the triangle BC, because 
they are on the same base #4, and between the same 
parallels B, GC. fae 
But the doubles of equals are equal to one another. [Az. 6. 
Therefore the parallelogram BZ is equal to the square GB. 
In the same manner, by joining AZ, BK, it can be 
shewn, that the parallelogram CZ is equal to the square C'H. 
Therefore the whole square BUEC is equal to the two 
squares GL, HC. [Axiom 2. 
And the square BD ECis described on BC, and the squares 
GB, HC on BA, AC. 
Therefore the square described on the side BC is equal to 
the squares described on the sides BA, AC. 


Wherefore, in any right-angled triangle &c. Q.E.D. 


’ROPOSITION 48. 7HEOREM. 


If the square described on one of the sides of a tri- 
angle be equal to the squares described on the other two 
sides of it, the angle contained by these two sides is a 
right angle. 

Let the square described on BC, one of the sides of 
the triangle ABC, be equal to the squares described on 
the other sides BA, AC: the angle BAC shall be a right 
angle. 

From the point A draw AD at D 
right angles to AC; et. A 
and make AD equal to BA; [I. 3. fa 
and join DC. A/ 

Then because DA is equal to / ie 
BA, the square on DA is equal to a. 
the square on BA, /—- 
To each of these add the square 
on AC. 

Therefore the squares on DA, AC are equal to the squares 
on BA, AC. [Awiom 2. 
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But because the angle DAC is a right angle, [Construction. 
the square on DC is equal to the squareson DA, A C.[I. 47. 
And, by hypothesis, the square on BC'is equal to the squares 
on BA, AU. : 

Therefore the square on DCisequal to the square on BC{Az.1. 
Therefore also the side DC is equal to the side BC. 


And because the side DA is equal D 
to the side AB; [Constr. 


and the side AC is common to the 
two triangles DAC, BAC; 

the two sides DA, AC are equal to 
the two sides BA, AC, each to each ; 
and the base DCU has been shewn to 
be equal to the base BCU; 

therefore the angle DAC is equal to the angle BAC. [I. 8. 


B 


But DAC isa right angle ; [ Construction, 
therefore also BAC is a right angle. [Aziom 1, 


Wherefore, ¢f the square &c.  Q.B.D. 


BOOK I1. 
DEFINITIONS, 


wi. Every right-angled parallelogram, or rectangle, is 
said to be contained by any two of the straight lines which 
contain one of the right angles. 


2. In every patallelogram, any of the parallelograms 


about a diameter, together with the two complements, is 
called a Gnomon. 
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Thus the parallelogram HG, A__E D 
together with the complements 
AF, FC,is the gnomon, which is 


more briefly expressed by the let- 
ters AGA, or HHC, which are at HE t 
the opposite angles of the parallelo- ‘ 


grams which make the gnomon. noe C 


PROPOSITION 1. THEOREM. 


If there be two straight lines, one of which is divided 
into any number of paris, the rectangle contained by the 
two straight lines is equal to the rectangles contained by 
the undivided line, and the several parts of the divided line. 


Let A and BC be two straight lines; and let BC be 
divided into any number of parts at the points D, /: the 
rectangle contained by the straight lines A, BC, shall be 
equal to the rectangle contained by A, BD, together with 
that contained by A, DZ, and that contained by A, EC. 

From the point B draw BF 
at right angles to BC; __[I. 11. 
and make BG equal to A; [I. 3. 
through G draw GZ parallel 
to BC; and through D, Z, C 
draw DK, EL, CH, parallel 
to BG. [i 32, 

Then the rectangle BH 
is equal to the rectangles 
BK, DL, EH. 
But BH is contained by A, BC, for it is contained by 
GB, BC, and GB is equal to A. [Construction. 
And SK is contained by A, BD, for it is contained by 
GB, BD, and GB is equal to A ; 
and DZ is contained by A, DE, because DK is equal to 
BG, which is equal to A ; . [I. 34. 


and in like manner #/ is contained by A, EC. 


Therefore the rectangle contained by 4, BC is equal to the 
rectangles contained by 4, BD, and by A, DE, and by A, EC. 


Wherefore, 77 there be two straight lines &c. Q.E.D. 
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PROPOSITION 2. THEOREM. 


If a straight line be divided into any two parts, the 
rectangles contained by the whole and each of the parts, 
are together equal to the square on the whole line. 


Let the straight line AB be divided into any twe parts 
at the point CU’: the rectangle contained by AB, BC, toge- 
ther with the rectangle 4B, AC, shall be equal te the 
square on AL. 

[Note. To avoid repeating the word 
contained too frequently, the rectangle 
contained by two'straight lines AB, AC 
is sometimes simply cailed the rectangle 
AB, AC.) 

On AB describe the square 


ADEB ; [I. 46. 4 
and through C draw CF’ parallel D i 
to AD or BE. [T. 31, 


Then AZ is equal to the rectangles AF, CE. 
But AZ is the square on AB, 
And AF is the rectangle contained by BA, AC, for it ia 
contained by DA, AC, of which DA is equal to BA ; 
and CZ is contained by AB, BC, for BL is equal to AB, 
Therefore the rectangle 4 2B, AC, together with the rect 
angle 4B, BC, is equal to the square on AB. 

Wherefore, if a straight line &c. QED. 


PROPOSITION 3. THEOREM. 


If a straight line be divided into any two parts, the 
rectangle contained by the whole and one of the parts, is 
equal to the rectangle contained by the two parts, together 
with the square on the aforesaid part. 


Let the straight line AB be divided into any two parts 
at the point C; the rectangle 4B, BC shall be equal to 
the rectangle AC, CB, together with the square on BC. 
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On BC describe the square CDEB; [I. 46. 
produce /D to F, and through A A y B 
draw A /'parallelto CD or BE. [1. 31. 

Then the rectangle AZ is equal 
to the rectangles AD, CE. 

But AZ is the rectangle contained 

by AB, BC, for it is contained 

by AB, BE, of which BE is equal 

to BC; 1 x 

and AD is contained by AC, CB, for CD is equal to CB; 

and CZ is the square on BC. 

Therefore the rectangle 4B, BC is equal to the rectangl: 

AC, CB, together with the square on BC. 
Wherefore, if a straight line &c. Q.5.D. 


PROPOSITION 4. Z'HEOREM. 

If a straight line be divided into any two parts, the 
square on the whole line is equal to the squares on the two 
parts, together with twice the rectangle contained by the 
two parts. 

Let the straight line AB be divided into any two parts 
at the point C: the square on AB shall be equal to the 
squares on AC, CB, together with twice the rectangle con- 
tained by AC, CB. 

On AB describe the square 
ADEB ; [I. 46. 
jon BD; through C draw CGF 
parallel to AD or BE, and through G 
draw HK parallel to AB or DE. [1.31. 

Then, because CF is parallel 
to AD, and BD falls on them, 
the exterior angle CGB is equal 
to the interior and opposite an- 
gle ADB; [I. 29. 
but the angle A DZ is equal to the angle ABD, [I. 5. 
because B.A is equal to 4, being sides of a square ; 
therefore the angle CGB is equal to the angle CBG ; [Ax. 1. 
and therefore the side CG is equal to the side CB. [I. 6. 
But CB is also equal to GA, and CG to BK ; [t. 34. 
therefore the figure CG-AB is equilateral. 


~f 


— 


~ 


For the same reason H/F is also a 
conguare, and it is on the side HG, 
cov. hich is equal to AC. [I. 34. 
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It is likewise rectangular. For since C@ is parallel to 
BK, and CB meets them, the angles ABC, GCB are toge- 


ther equal to two right angles, [1. 29. 
But ABC is a right angle. [I. Definition 30 
Therefore GCB is a right angle, [Axiom 3. 
And therefore also the angles CGK, GKB opposite to 
these are right angles. [I. 34. and Axiom 1. 


Therefore CGAB is rectangular ; 
and it has been shewn to be equi- 
lateral; therefore it isa square, and 
it is onthe side CB. 


A C____B 


Therefore //F, CK are the squares 
on AC, CB. 

And because the complement 4G is equal to tlie com- 
plement GL ; ile sek 
and that AG is the rectangle contained by AC, CB, for 
CG is equal to CB; 
therefore GE is also equal to the rectangle AC, CB. [Aw. 1. 
Therefore AG, GE are equal to twice the rectangle AC, CB. 
And HF, CK are the squares on AC, CB. 

Therefore the four figures HF, CK, AG, GE are equal to 


the squares on AC, CB, together with twice the rectangle 
AC, CB. * 

But HF, CK, AG, GE make up the whole figure ADEB, 
which is the square on AB. 


Therefore the square on AB is equal to the squares on 
AC, CB, together with twice the rectangle AC, CB. 


Wherefore, ifa straight line &e. Qn. 


CoRoLLARY. From the demonstration it is manifest, 
-that parallellograms about the diameter of a square are 
likewise squares. 


PROPOSITION 5. THEOREM. 


If a straight line be divided into two equal parts and 
also into two unequal parts, the rectangle contained by the 
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unequal parts, together with the square on the line between 
the points of section, is equal to the square on half the line. 


Let the straight line AB be divided into two equal 
parts at the point C, and into two unequal parts at the 
point D: the rectangle 4D, DA, together with the square 
on CD, shall be equal to the square on CB. 


On CB describe the 
square CEFB; [I. 46. ‘ c D_> 
jom BE; through D draw 
DHG parallel to CE or BF; 
through H draw ALM paral- 
lelto CB or EF; and through 
A draw AK parallel to CL 


or BM. iegea 

Then the complement CH is equal to the complement 
HF; [I. 43. 
to each of these add DJ; therefore the whole CM is equal 
to the whole DF. [Aaiom 2. 
But CM is equal to AZ, [I. 36. 
because AC is equal to CB. [Hypothesis. 
Therefore also AZ is equal to DF. [Axiom 1. 
To each of these add CH; therefore the whole A His equal 
to DF and CH. [Axiom 2. 
But AZ is the rectangle contained by AD, DB, for DH is 
equal to DB; [II. 4, Corollary. 


and DF together with CH is the gnomon CMG ; 
therefore the gnomon CMG is equal to the rectangle A D, DB. 
To each of these add ZG, which is equal to the square on 
CD. [II. 4, Corollary, and I. 34. 
Therefore the gnomon CMG, together with ZG, is equal to 
therectangle 4 D, DB, together with the square on CD. [Ax.2. 
But the gnomon CMG and LG make up the whole figure 
CEFB, which is the square on CB. 
Therefore the rectangle 4D, DB, together with the square 
on CD, is equal to the square on CB. 

Wherefore, if a straight line &c.  Q.E.D. 

From this proposition it is manifest that the difference of 
the squares on two unequal straight lines 4C, CD, is equal 
to the rectangle contained by their sum and difference. 
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PROPOSITION 6. THEOREM. 


If a straicht line be bisected, and produced to any 
point, the rectangle contained by the whole line thus pro- 
duced, and the part of it produced, together with the 
square on hilf the line bisected, is equal to the square on 
the straight line which is made up of the half and the 
part produced. : 


Let the straight line 4B be bisected at the point C, 
and produced to the point D: the rectangle AD, DB, 
together with the square on CB, shall be equal to the 
square on CD. 

On CD describe the 
square CLF D ; [I. 46. 
join DE; through B draw 
BHG parallel to CE or 
DF; through HW draw 
KLM parallel to AD or 
EF; and through A draw 


AK parallel to CL or DM. ~ CT. 81. 

Then, because AC is equal to CB, [Hypothesis. 
the rectangle AZ is equal te the rectangle CH; [I. 36. 
but CH is equal to ///’; : {I. 43: 
therefore also AZ is equal to Z7F. [Axiom 1. 


To each of these add CM; 
therefore the whole AM is equal to the gnomon CMG. [Ax.2. 
But AM is the rectangle contained by AD, DB, 


for DM is equal to DB. [lI. 4, Corollary. 
Therefore the rectangle AD, DB is equal to the gnomon 
OMG. [Aviom 1. 


To each of these add ZG, which is equal to the square on 
CB. [II. 4, Corollary, and I, 34, 
Therefore the rectangle 4D, DB, together with the square 
on CB, is equal to the gnomon C/G and the figure LG, 
But the gnomon C/G and LG make up the whole figure 
CEFD, which is the square on CD, 
Therefore the rectangle 4D, DB, together with the square 
on OB, is equal to the square on CD. 

Wherefore, {fa straight line &. QED. 
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PROPOSITION 7. THEOREM. 


Tf a straight line be divided into any two parts, the 
squares on the whole line, and on one of the parts, are 
equal to twice the rectangle contained by the whole and 
that part, together with the square on the other part. 

Let the straight line AB be divided into any two 
parts at the point C; the squares on AB, BC shall be 
equal to twice the rectangle AB, BC, together witi the 
square on AC. 

On AB describe the square >,,; A G B 
ADEB, and construct the figure «°) © 
as in the preceding propositions. 

Then AG‘ is equal to GE ; [T. 43. A 
to each of these add CK ; 
therefore the whole A& is equal to 
the whole CZ; 
therefore AK, CE are double of 
AK. 

But AXA, CE are the gnomon AKF, together with the 
square CK ; 

therefore the gnomon AA, together with the square CA, 
is double of AK, 

But twice the rectangle AB, BC is double of AK, 
for BK is equal to BC. [II. 4, Corollary. 
Therefore the gnomon 4 AF, together with the square CA, 
is equal to twice the rectangle 4B, BC. 

To each of these equals add //7F, which is equal to the 
square on AC. [II. 4, Corollary, and I. 34. 
Therefore the gnomon AA F, together with the squares 
CK, HF, is equal to twice the rectangle 42, BC, together 
with the square on AC. 

But the gnomon AA together with the squares CK, HF, 
make up the whole figure 4ADEB and CK, which are the 
squares on AB and BC. 

Therefore the squares on 4B, BC, are equal to twice the 
rectangle AB, BC, together with the square on AC, 


Wherefore, if a straight line &c. Q.xE.n. 


D F EK 
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PROPOSITION 8. YHEOREM. 


If a straight line be divided into any two parts, four 
times the rectangle contained by the whole line and one of 
the parts, together with the square on the other part, is 
equal to the square on the straight line which is made up 
of the whole and that part. 


Let the straight line 4B be divided into any two parts 
at the point C’: four times the rectangle 4B, BC, torether 
with the square on AC, shall be equal to the square on the 
straight line made up of AB and BC together. 

Produce AB to D, so 
that BD may be equal 
to CB; [Post. 2. and I. 8. 
on AD describe the square 
AEFD ; 
and construct two figures - 
such as in the preceding 
propositions. 

Then, because CB is equal 


to BD, [Construction. 
and that CB is equal to GA, and BD to KN, [I. 34. 
therefore GA is equal to AN. [Awiom 1. 


For the same reason ?/ is equal to RO. 


And because CB is equal te BD, and GK to KN, the rect- 
angle CK is equal to the rectangle BN, and the rectangle 


GR to the rectangle RN. [I. 36. 
But CK is equal to RN, because they are the complements 
of the parallelogram CO ; [I. 48. 
therefore also BN is equal to GR. [Awiom 1. 


Therefore the four rectangles BN, CK, GR, RN are equal 
to one another, and so the four are quadruple of one of 
them C&A, 


Again, because CB is equal to BD, [ Construction, 
and that BP is equal to BA, [II. 4, Corollary. 
that is to CG, [I. 84 


and that CB is equal to GK, [). 34. 
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that is to GP; " [II. 4, Corollary. 
therefore CG is equal to GP. [Axiom 1. 


And because CG@ is equal to GP, and PR to RO, the 
rectangle AG is equal to the rectangle WP, and the rect- 


angle PZ to the rectangle AF. [I. 36. 
But I7P is equal to PL, because they are the complements 
of the parallelogram M/Z ; [I. 43. 
therefore also AG is equal to RF. [Axiom 1. 


Therefore the four rectangles AG, MP, PL, RF are equal 
to one another, and so the four are quadruple of one of 
them AG. 

And it was shewn that the four CK, BN, GR and RN 
are quadruple of CK; therefore the eight rectangles 
which make up the gnomon AOH are quadruple of AK. 


And because AA is the rectangle contained by AB, BC, 
for BK is equal to BC; 

therefore four times the rectangle AB, BC is quadruple 
of AK. 

But the gnomon AOH was shewn to be quadruple 
of AK. 

Therefore four times the rectangle 48, BC is equal to the 
gnomon AOH. [Axiom 1. 
To each of these add XH, which is equal to the square on 
z [IT. 4, Corollary, and I. 34. 
Therefore four times the rectangle 4B, BC, together with 
the square on AC, is equal to the gnomon AOH and the 
square X /7. 

But the gnomon AOH and the square XH make up the 
figure A HFD, which is the square on AD. 


Therefore four times the rectangle 4 2B, BC, together with 
the square on AC, is equal to the square on 4D, that is to 
the square on the line made of AB and AC together. 


Wherefore, ¢f a straight line &. QED. 
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PROPOSITION 9. THEOREM. 


Ifa straight line be divided into treo equal, and also 
into two uncqual parts, the squares on the two unequal 
parts are together double of the square on half the line 
and of the square on the line between the points of section. 


Let the straight line AP be divided into two equal 
parts at the point C, and into two unequal parts at the 
point D: the squares on 4D, DB shall be together double 
of the squares on AC, CD. 

From the point C draw E 
CE at right angles to AB, [I. 11 
‘and make it equal to AC or 
CB, [l. & 
and join FA, EB; through 
D draw DF parallel to CZ, and 
through # draw FG parallel 


to BA ; tei, 
and join AF. 

Then, because AC is equal to CE, [ Construction, 
the angle ZAC is equal to the angle A ZC. (I. 5. 


And because the angle ACE isa right angle, (Construction, 
the two other angles 4 EC, EAC are together equal to one 
right angle ; [I. 32. 
and they are equal to one another ; 

therefore each of them is half a right angle. 


For the same reason each of the angles CEB, EBC is half 
a right angle. 
Therefore the whole angle AFB is a right angle. 

And because the angle GEV’ is half a right angle, and 
the angle EGF a right angl., for it is equal to the interior 
and opposite angle LCR ; [C 29, 
therefore the remaining ansle “/' is half a right angle. 


Therefore the angle GE’ is equal to the angle EFG, and 
the side HG is equal to the side GF, (eG, 


Again, because the angle at 2 is half a right angle, and the 
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angle YDB a right angle, for it is equal to the interior and 

opposite angle £UB ; [T. 29. 

therefore the remaining angle BF'D is half a right angle. 

Therefore the angle at #& is equal to the angle BF'D, 

and the side DF is equal to the side DB. [I. 6. 
And because AC is equal to CE, [Consiruction. 

the square on AC is equal to the square on CE ; 

therefore the squares on AC, CE are double of the square 

on AC. 

But the square on AZ is equal to the squares on AC, CE, 


because the angle ACE is a right angle ; [l. 47. 
therefore the square on AF is double of the square on AC. 
Again, because HG is equal to GF, [ Construction. 


the square on HG is equal to the square on G/F’; 

therefore the squares on EG, GF are double of the square 
on GF. 

But the square on #F is equal to the squares on HG, GF, 


because the angle HGF is a right angle ; Neer 
therefore the square on #F is double of the square on GF. 
And GF is equal to CD ; [I. 34. 


therefore the square on /F'is double of the square on CD. 
But it has been shewn that the square on AZF is also 
double of the square on AC, 
Therefore the squares on A#, Ei are double of the 
squares on AC, CD. 

But the square on AF’ is equal to the squares on AZ, 
EF, because the angle A/F is a right angle. esi 


Therefore the square on AF is double of the squares on 
AC, CD. 
But the squares on AD, DF are equal to the square on 
AF, because the angle 4D F is a right angle. [I. 47. 
Therefore the squares on AD, DF are double of the 
squares on AC, CD. 
And DF is equal to DB; 
therefore the squares on AD, DB are double of the 
squares on AC, CD. 

Wherefore, if a straight line &. QED. 

5 ° 
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PROPOSITION 10. THEOREM. 


Ifa straight line be bisected, and produced to any 
point, the square on the whole line thus produced, and 
the square on the part of it produced, are together double 
of the square on half the line bisected and of the square 
on the line made up of the half and the part produced. 


Let the straight hne AB be bisected at C, and pro- 
duced to D: the squares on AD, DB shall be together 
double of the squares on ACU, CD. 

From the point Cdraw CZ at right angles to AB, [I. 11. 
and make it equal to 4C F 
or CB; [I. 8. : rE 
andjoin AZ, EB; through 
E draw EF pi arallel to 
AB, and through D draw 
DF parallel to ‘UE g. (irs. A 
Then because the straight 
line / F' meets the parallels G 
EC, FD, the angles CEF, EF'D are together equal to two 
right angles ; ; (I. 29. 
and therefore the angles BEF, EFD are together less 
than two right angles. 

Therefore the straight lines 22, FD will meet, if produced, 


towards B, D. [Axiom 12. 
Let them meet at G, and join AG. 

Then because AC is equal to CE, [Construction, 
the angle CHA is equal to the angle EAC; ([L 5 
and the angle ACF is a right angle ; [Consruction. 
therefore each of the angles CLA, EAC is half a right 
angle. [I. 32. 


For the same reason each of the angles CEB, EBC is half 
a right angle. 
Therefore the angle AZB is a right angle. 


And because the angle HBC is half a right angle, 
the angle DBG is also half a right angle, for they are verti- 


cally opposite ; [I. 16 
but the angle BD@ is a right angle, because it is equal to 
the alternate angle DCE ; {I. 29, 


therefore the remaining angle DG Bis half aright angle, [1.32. 
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and is therefore equal to the angle DBG; 
therefore also the side BD is equal to ane side DG. [I.-6. 
Again, because the angle “G/ is half a right angle, 
and the angle at Fa right angle, for it is equal to the 
opposite angle J HCD ; re 34 
therefore the remaining angle ZG ishalf aright angle, [32s 
and is therefore equal to the angle HGL; 
therefore also the side GF is equal to ne side FZ. [L. 6. 
And because /C' is equal to CA, the square on EC is 
equal to the square on CA ; 
therefore the squares on “C, CA are double of the square 
on CA. 
But thesquareon A Vis equal to thesquares on EC, CA_.[T. 47. 
Therefore the square on A # is double of the square on AC. 
Again, because GF is equal to PZ, the square on GF is 
equal to the square on /'4; 
therefore the squares on GF, FE are double of the square 
on FEL. 
But thesquare on WG is equal to the squares on GF, F'F[1.47. 
Therefore the square on /G is double of the sauare on FE, 
And FE is equal to CD ; [f. 34. 
therefore the square on /7G is double of the square on CD. 
But it has been shewn that the square on A# is double 
of the square on AC. 
Therefore the squares on AZ, EG are double of the 
squares on AC, CD. 
But the square on AG is equal to the squares tad 
; 47 
Therefore the square on AG is double of the squares on 
AC, CD. 
But the squares on AD, DG are equal to the square on 
AG. [t. Ays 
Therefore the squares on AD, DG are double of the 
squares on AC, CD. 
And DG is equal to DB ; 
therefore the squares on AD, DB are double of the squares 
on AC, CD. 
Wherefore, if a straight line &c, Q.E.D. 
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PROPOSITION 11. PROBLEM. 


To divide a given straight line into taco parts, so that 
the rectangle contained by the whole and one of the parts 
may be equal to the square on the other part. 

Let AB be the given straight line: it is required to 
divide it into two parts, so that the rectangle contained by 
the whole and one of the parts may be equal to the square 
on the other part. 

On AB describe the square F 
ABDC; [i. 46. 
bisect AC at FE; [I. 10. 
join BE; produce CA to F, and 
make HF equal to HB; [L. 8. A 
and on AF describe the square 
AFGH. [1. 46. 

AB shall be divided at /7 so E 
that the rectangle 42, LH is 
equal to the square o1 1 //. 

Produce G/T to A. 
hen, because the straight line 
AC’ is bisected at £, and pro- 
duced to F, the rectangle CF, FA, together with the 


Cc K 


square on AZ, is equal to the square on #/” [II. 6. 
But LF is equal to LR. ; [Construction. 


Therefore the rectangle CF, F'A, together with the square 
on AF, is equal to the square on LB. 

But the square on ZB is equal to the squares on AE, AB, 
because the angle LAB is a right angle. [I. 47. 
Therefore the rectangle CF, FA, together with the square 
on AF, is equal to the squares on AL, AB. 

Take away the square on 4/, which is common to both ; 
therefore the remainder, the rectangle C/, 1, is equal to 
the square on 4B. [Axiom 3. 
But the figure /'K is the rectangle contained by C/, /A, 
for /'G is equal to FA ; 

and AD is the square on AB ; 

therefore /'K is equal to AD. 

Take away the common part 4K, and the remainder “AH 
is equal to the remainder //D, [Axiom 3, 
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But HD is the rectangle contained by 4B, BH, for AB is 

equal to BD ; 

and #7 is the square on AH; 

therefore the rectangle A B,B His equal to the square on AH. 
Wherefore the straight line AB is divided at H, so that 

the rectangle AB, BH is equal to the square on AH. Q.8.¥. 


PROPOSITION 12.- THEOREM. 


In obtuse-angled triangles, if a perpendicular be drawn 
from either of the acute angles to the opposite side pro- 
duced, the square on the side subtending the obtuse angle is 
greater than the squares on the sides containing the obtuse 
angle, by twice the rectangle contained by the side on 
which, when produced, the perpendicular falls, and the 
straight line intercepted without the triangle, between the 
perpendicular and the obtuse angle. 

Let ABC be an obtuse-angled triangle, having the 
obtuse angle 4 CA, and from the point A let 4D be drawn 
perpendicular to BC produced : the square on AB shall be 
greater than the squares on AC, CB, by twice the rectangle 
BC, CD. a 

Because the straight line 
BD is divided into two parts 
at the point C, the square on 
BD is equal to the squares on 
BC, CD, and twice the rectangle 
» BC, CD. [II. 4. 

To each of these equals add the c D 
square on DA. 

Therefore the squares on BD, DA are equal to the squares on 
BO, CD, DA, and twice the rectangle BC, CD. [Axiom 2. 


But the square on £4 is equal to the squares on BD, DA, 
because the angle at D is a right angle ; bieay, 
and thesquare on CA is equal to the squareson CD, DA. [T. 47. 
Therefore the square on BA is equal to the squares on 
BC, CA, and twice the rectangle BC, CD ; 

that is, the square on BA is greater than the squares on 
BC, CA by twice the rectangle BC, CD. 

Wherefore, im obtuse-angled triangles &c, Q.B.D. 
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PROPOSITION 13. THEOREM. 


In every triangle, the square on the side subtending 
an acute angle, is less than the squares on the sides con- 
taining that angle, by twice the rectangle contained by 
either of these sides, and the straight line intercepted 
between the perpendicular let fall on it from the opposite 
angle, and the acute angle 


Let 4BC be any triangle, and the angle at B an acute 
angle; and on BC one of the sides containing it, let fall 
the perpendicular AD from the opposite angle: the square 
on AC, opposite to the angle 4, shall be less than the 
squares on OB, BA, by twice the rectangle CB, BD. 


First, let AD fall within the 
triangle ABC. ; 
Then, because the straight line 
CB is divided into two parts 
at the point D, the squares on 
CB, BD are equal to twice the 
rectangle contained by CL, BD 
and the square on CD. — [II. 7. 


A 


To cach of these equals add the B DB 
square on DA. 
Therefore the squares on CB, BD, DA are equal to twice 
the rectangle CB, BD and the squares on OD, DA. [Ax. 2. 
But the square on AB is equal to the squares on BD, DA, 
because the angle BDA is a right angle ; [I. 47. 
and the square on 4 Cis equal to the squares on CD, DA. {1.47. 
Therefore the squares on CB, BA are equal to the square 
on AG and twice the rectangle CB, BD ; 
that is, the square on AC alone is less than the squares on 
CB, BA by twice the rectangle CB, BD. 
A 

Secondly, let 4D fall without 
the triangle ABC. 
Then because the angle at D is 
a right angle, [Construction, 
the angle ACB is greater than 
a right angle ; [1. 16. 6 C D 
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and therefore the square on AB is equal to the squares 
on AC, CB, and twice the rectangle BU, CD. [UE Te: 
To each of these equals add the square on BO. 
Therefore the squares on 4B, BC are equal to the square 
on AC, and twice the square on BC, and twice the rect- 
angle BC, CD. [Aaiom 2. 
But because BD is divided into two parts at C, the rect- 
angle DB, BC is equal to the rectangle BC, CD and the 
square on BC; Piss 
and the doubles of these are equal, 
that is, twice the rectangle DB, BC is equal to twice the 
rectangle BC, CD and twice the square on BC. 
Therefore the squares on A, BC are equal to the square 
on AC, and twice the rectangle DB, BC ; 
that is, the square on AC alone is less than the squares on 
AB, BC by twice the rectangle DB, BC. 

Lastly, let the side 4C be perpendicular A 
to BC. 
Then LC is the straight line between the f 
perpendicular and the acute angle at B; 


and it is manifest, that the squares on 
AB, BC are equal to the square on AC, 
and twice the square on BC. [I. 47 and Az. 2. B C 


Wherefore, in every triangle &c. Q.B.D. 


PROPOSITION 14. PROBLEM. 
To describe a square that shall be equal to a given recti- 
lineal figure. 
Let A be the given rectilineal figure: it is required to 
describe a square that shall be equal to A. 


Describe the rect- 
angular parallelogram 
BCD Eequaltotherec- 
tilineal figure A. [T. 45. 
Then if the sides of it, 
BE, ED are equal to A B 
one another, it is a 
square, and what was c 
required is now done. 


70 EUCLIDS ELEMENTS. 


But if they are not cqual, produce one of them BE to F, 
make ELF equal 
to ED, [I. 3. 
and bisect BF 
at G; [I. 10. 
from the centre nm 
G, at the distance 
GB, or GF, de- 
scribe the semi- 
circle BHF, and 
produce DE to H. 
The square described on HH shall be equal to the given 
rectilineal figure A. : 
Join GH. Then, because the straight line BF is divided 
into two equal parts at the point G, and into two unequal 
parts at the point /, the rectangle BE, EF, together with 
the square on GZ, is equal to the square on GY. (Ti. 6: 
But GF is equal to GH. 
Therefore the rectangle BL, EF, together with the square 
on GE, is equal to the square on G/Z. 
But the square on @/7is equal to the squareson GE, HH j{T.47. 
therefore the rectangle BE, EF, together with the square 
on GE, is equal to the squares on GZ, E/T. 
‘Take away the square on GZ, which is common to both ; 
therefore the rectangle BZ, LF is equal to the square on 
FA. [Aaiom 3. 
But the rectangle contained by BH, EF is the parallelo- 
gram BD, 
because LF is equal to LD. [Construction. 
Therefore BD is equal to the square on EH. 
But BD is equal to the rectilineal figure A.  [Construction. 
Therefore the square on HH is equal to the rectilineal 
figure A. 
Wherefore a square has been made equal to the given 
rectilineal figure A, namely, the square described on 
BH. \E.¥. 


BOOK. EIT. 


DEFINITIONS. 


1. Equa circles are those of which the diameters are 
equal, or from the centres of which the straight lines to 
the circumferences are equal. 


This is not a definition, but a theorem, the truth of 
which is evident; for, if the circles be applied to one © 
another, so that their centres coincide, the circles must 
likewise coincide, since the straight lines from the centres 
are equal. 


2. A straight line is 
said to touch a circle, 
when it meets the circle, 
and being produced does 
not cut it. 


3. Circles are said 
to touch one another, 
which meet but do not 
cut one another. 


4, Straight lines are said to 
be equally distant from the centre 
of a circle, when the perpendicu- 
lars drawn to them from the centre 
are equal. 
5. And the straight line on 
which the greater perpendicular 
falls, is said to be farther from the eee 
centre. 
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6. A segment of a circle is the 
figure contained by a straight line 
and the circumference it cuts off. 

7. The angle of asegment is that 
which is contained by the straight 
line and the circumference. 


8. An angle in a segment is 


the angle contained by two straight 

lines drawn from any point in the 

circumference of the segment to \ 

the extremities of the straight line 

which is the base of the segment. ] 
9. And an angle is said to in- 

sist or stand on the circumference 


intercepted between the straight 
lines which contain the angle. 


10. A sector of a circle is the 
figure contained by two straight 
lines drawn from the centre, and 
the circumference between them. 


11. Similar segments of 
circles are those in which 
the anglesare equal, or which 5 Tr 


contain equal angles. 


[Note. In the following propositions, whenever the expression 
“straight lines from the centre,” or “drawn from the centre,” 
occurs, it is to be understood that the lines are drawn to the cir- 
cumference. 


Any portion of the circumference is called an arc. ] 


PROPOSITION 1, PROBLEM. 
To find the centre of a given circle. 


ret ABC be the given circle; it is required to find its 
centre. 
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Draw within it any straight 
line AB, and bisect AB 
at D; ato: 
from the point D draw DC 
at rightangles to dB; [I. 11. 


produce CD to meet the cir- 
cumference at #, and _bisect 
CE at F. [I. 10. 


The point /’ shall be the centre 
of the circle ABC. 

For if # be not the centre, 
if possible, let G be the centre ; and join GA, GD, GB. 
Then, because DA is equal to DB, [Construction. 
and YG is common to the two triangles 4 DG, BDG ; 
the two sides AD, DG are equal to the two sides BD, DG, 
each to each ; 
and the base GA is equal to the base GB, because they are 
drawn from the centre G ; [I. Definition 15. 


therefore the angle 4 DG is equal to the angle BDG. [I. 8. 


But when a straight line, standing on another straight line, 
makes the adjacent angles equal to one another, each of 


the «ngles is called a right angle ; [L. Definition 10. 
therefore the angle BDG is a right angle. 
But the angle BDF is also a right angle. [Construction. 


Therefore the angle B DG is equal to the angle BDF, [Az. 11. 
the less to the greater ; which is impossible. 
Therefore G is not the centre of the circle A BC. 

In the same manner it may be shewn that no other point 
out of the line C# is the centre ; 
and since CE is bisected at F, any other point in CE 
divides it into unequal parts, and cannot be the centre. 
Therefore no point but /’is the centre ; 
that is, /’ is the centre of the circle ABC: 


which was to be found. 


CorouuAry. From this it is manifest, that if in a circle 
a straight line bisect another at right angles, the centre of 
the circle is in the straight line which bisects the other. 
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PROPOSITION 2. THEOREM. 

If any two points be taken in the circumference of a 
circle, the straight line which joins them shall fall within 
the circle. 

Let ABC be a circle, and A and # any two points in 
the circumference: the straight line drawn from A to B 
shall fall within the circle. 


For if it do not, let it fall, if 
possible, without, as 4 ZB. 
Find D the centre of the circle 
ABC; 0 Bi 


and join DA, DB; in the are 
AB take any point F, join DF, 
and produce it to meet the 
straight line AB at E. 


Then, because DA is equal 
to DB, (I. Definition 15. 


the angle DAB is equal to the angle DBA. [T. 5. 
And because AF, a side of the triangle DAZ, is pro- 
duced to B, the exterior angle DEB is greater than the 
interior opposite angle DA L. [I. 16. 
But the angle DA EL wasshewn to be equal tothe angle DBE; 
therefore the angle DEB is greater than the angle DBE. 
But the greater angle is subtended by the greater side ;[1. 19. 
therefore DB is greater than DF. 

But DB is equal to DF; [I. Definition 15. 
therefore DF is greater than DZ, the less than the greater ; 
which is impossible. 

Therefore the straight line drawn from A to B does not 
fall without the circle. 


In the same manner it may be shewn that it does not 
fall on the circumference, 


Therefore it falls within the circle, 
Wherefore, (/ any treo points &e. QED. 


PROPOSITION 3. THEOREM. 


Lf a straight line drawn through the centre of a cirele, 
bisect a straight line in it which does not pass through the 
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centre, it shall cut it at right angles; and if it cut it at 
right angles tt shall bisect tt. 


Let ABC be a circle; and let CD, a straight line drawn 
through the centre, bisect any straight line 4 B, which does 
not pass through the centre, at the point #’: CD shall cut 
AB at right angles. 

Take £ the centre of the 
circle ; andjoin #4, FB. (111.1. 

Then, because A F is equal 
to FB, [Hypothesis. 
and F£ is copimon to the two 
triangles A FE, BIE ; 
the two sides AF, FE are 
equal to the two sides BF, FE, D 
each to each; 
and the base #A is equal to the base LB; [il Daf. lise 
therefore the angle A FZ is equal to the angle BYE. [L. 8. 
But when a straight line, standing on another straight line, 
makes the adjacent angles equal to one another, each of 
the angles is called a right angle ; [I. Definition 10. 
therefore each of the angles A FZ, BFE is a right angle. 
Therefore the straight line CD, drawn through the centre, 
bisecting another 4B which does not pass through the 
centre, also cuts it at right angles. 

But let CD cut AB at right angles: CD shall also 
bisect 4B; that is, A/ shall be equal to FB. . 

The same construction being made, because LA, EB, 
drawn from the centre, are equal to one another, [I. Def. 15. 
the angle HAF is equal to the angle FBF. EE..5; 
And the right angle 4 FZ is equal to the right angle BFE. 
Therefore in the two triangles HAF, EBF, there are two 
angles in the one equal to two angles in the other, each to 
each ; 
and the side HF, which is opposite to one of the equal 
angles in each, is common to both; 
therefore their otl:er sides are equal; LX 26, 
therefore AF is equal to F/B, 

Wherefore, if a straight line &c. Q.B.D. 


[ 
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PROPOSITION 4. THEOREM. 


Tf in acircle tio straight lines cut one another, which 
do not both pass through the centre, they do not bisect one 
another. 

Let ABCD be a circle, and AC, BD two straigint lines 
in it, which cut one another at the point , and do not both 
pass through the centre: AC, BD shall not bisect one 
another. 

} If one of the straight lines 
pass through the centre it is plain 
that it cannot be bisected by 
the other which does not pass D 
through the centre. 


But if neither of them pass : 

through the centre, if possible, BR 

let AF be equal to LC, and BE c 
equal to LD. 

Take F' the centre of the circle iro es 


and join LF. 


Then, because /'Z, a straight line drawn through the 
centre, bisects another straight line AC which does not pass 
through the centre ; [Hypothesis. 


FE cuts AC at right angles; [IIL 3. 
therefore the angle A is a right ang'e. 


Again, because the straight line /# bisects the straight 
line BD, which does not pass through the centre, — [//yp. 


FE cuts BD at right angles ; [IIT. 3. 
therefore the angle /'/B is a right angle. 
But the angle “2A was shewn to be a right angle ; 
therefore the angle / A is equal to the angle F/B, [Ax. 11. 
the less to the greater; which is impossible. 
Therefore AC, BD do not bisect each other. 

Wherefore, {fin a circle &e. 4.0. 


PROPOSITION 5. THEOREM. 


Lf two circles cut one another, they shall not have the 
same centre, 


Let the two circles ABC, CDG cut one another at the 
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points B, C: they shall not have the same centre. 
For, if it be possible, let # 

be their centre ; join HC, and 

draw any straight line EFG Lee aS 

meeting the circumferences at aN 

F and G. 
Then, because # is the cen- 

tre of the circle ABC, EC is 

equal to LF. [I. Definition 15. 


Again, because / is the centre 

of the circle CDG, EC is equal 

to HG. [I. Definition 15. 

But £C was shewn to be equal to EF; 

therefore /F is equal to EG, [Axiom 1, 

the less to the greater; which is impossible. 

Therefore Z is not the centre of the circles ABC, CDG. 
Wherefore, if two circles &e.  Q.E.D. 


PROPOSITION 6. THEOREM, 
Tf two circles touch one another internally, they shal 
not have the same centre. 
Let the two circles ABC, CDE touch one another inter- 
nally at the point C’: they shall not have the same centre. 
For, if it be possible, let 
F betheir centre; join FC, C 
and draw any straight line 
FEB, meeting the circum- 
ferences at # and B. 
1 


Then, because / is the 
centre of the circle ABC, 
FC is equal to FB. [I. Def. 15. 
Again, because F' is the 
centre of the circle CDE, 
FC is equal to FE. [I. Definition 15. 


But FC was shewn to be equalto FB ; 

therefore FEZ is equal to FB, [Axiom 1. 

the less to the greater ; which is impossible. 

Therefore F is not the centre of the circles 4 BC, CDE. 
Wherefore, if two circles &. QED 
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PROPOSITION 7. THEOREM, 


If any point be taken in the diameter of a circle which 
is not the centre, of all the straight lines which can be 
drawn from this point to the cireumference, the greatest 
is that in which the centre is, and the other part of the 
diameter is the least; and, of any others, that which is 
nearer to the straight line which passes through the centre, 
is always greater than one more remote; and from the 
same point there can be drawn to the circumference two 
straight lines, and only two, which are equal to one ano- 
ther, one on each side of the shortest line. 


Let ABCD bea circle and AV its diameter, in which 
let any point #’ be taken which is not the centre ; let Z be 
the centre : of ali the straight lines /B, /C, FG, &c. that 
can be drawn from F' to the circumference, A, which 
passes through /, shall be the greatest, and #’'D, the other 
part of the diameter 4/), shall be the least; and of the 
others #'B shall be greater than /'C, and #'C than FG, 


Join BE, CE, GE. 
Then, because uny two sides 


of a triangle are greater than the 
third side, [I. 20. 


therefore BE, EF are greater 
than BF. 


But BE is equal to AZ; [1.Def.15, 


therefore AE, EF are greater 
than BF, 


that is, 4/ is greater than BF. 


Again, because BH is equal to CE, [I. Definition 15. 
and # Fis common to the two triangles BEF, CEF; 


the two sides BE, EF are equal to the two sides CH, EF, 
each to each ; 


but the angle BHF is greater than the angle CEF; 
therefore the base /’B is greater than the base FC. [T. 24. 


In the same manner it may be shewn that FC is greater 
than FG. 


Again, because GF, FE are greater than HG, — [I. 20. 
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and that ZG is equal to LD ; [I. Definition 15. 
therefore GF, FE are greater than ED. 


Take away the common part /'Z, and the remainder GF is 
greater than the remainder FD. 


Therefore FA is the greatest, and /’D the least of all 
the straight lines from /’ to the circumference ; and FB is 
greater than FC, and FC than FG. 


Also, there can be drawn two equal straight lines from 
the point /’ to the circumference, one on each side of the 
shortest line FD. 

For, at the point /, in the straight line HF, make the 
angle FLH equal to the angle LG, [I. 23. 
and join FH. 

Then, because ZG is equal to HH, [I. Definition 15. 
and ZF is common to the two triangles GEF, HEF; 
the two sides HG, HF are equal to the two sides HH/, EF, 
each to each ; 
and the angle GZF is equal to the angle HEF’; — [Constr. 
therefore the base /'G is equal to the base /'/7. ia Goa 

But, besides FH, no other straight line can be drawn 
from /’ to the circumference, equal to FG. 


For, if it be possible, let A be equal to FG. 


Then, because /’A’ is equal to #'G, . [Hypothesis, 
and FZ is also equal to FG, 
therefore /'H is equal to PK ; [Axiom 1. 


that is, a line nearer to that which passes through the 
centre is equal to a line which is more remote ; 


which is impossible by what has been already shewn. 
Wherefore, (f any point be taken &c. Q.E.D. 


PROPOSITION 8. THEOREM. 


Tf any point be taken without a circle, and straight 
lines be dreawn from it to the circumference, one of which 
passes through the centre; of those which fall on the con- 
cave circumference, the greatest is that which passes 
through the centre, and of the rest, that which is nearer 
to the one passing through the centre is always greater 
than one more remote; but of those which fall on the 


6 
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convea circumference, the least is that between the point 
without the circle and the diameter ; and of the rest, that 
which is nearer to the least is always less than one more 
remote; and from the same point there can be drawn to 
the circumference two straight lines, and only two, which 
are equal to one another, one on each side of the shortest line, 

Let ABC be a circle, and D any point without it, and 
from D let the straight lines DA, DE, DF, DC be drawn 
to the circumference, of which DA passes through the centre: 
of those which fall on the concave circumference A EFC, the 
greatest shall be YA which passes through the centre, and 
the nearer to it shall be greater than the more remote, 
namely, DE greater than DF, and DF greater than DC; 
but of those which fall on the convex circumference GA LH, 
the least shall be DG between the point D and the dia- 
meter AG, and the nearer to it shall be less than the more 
remote, namely, DA less than DZ, and DZ less than DH. 

Take M, the centre of the 
circle ABC, Tn a. 
and join ME, MF, MC, MH, 
ML, MK. 

Then, because any two sides 
of a triangle are greater than 
the third side, [I. 20. 
therefore 2M, MD are greater 
than ED. 


But Lis equal to A.M; [T. Def.15. 


therefore 4M, MD are greater 

than £D, 

that is, 4D is greater than FD. 
Again, because 2M is equal 

to FM, 

and MPDis common to the two 

triangles EMD, FMD ; 

the two sides 2M, MD are equal to the two sides /-M, MD, 

each to each ; 

but the angle “MD is greater than the angle “MD ; 

therefore the base “VD is greater than the base FD. [I. 24. 


In the same manner it may be shewn that FD is 
greater than CD. 
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Therefore DA is the greatest, and DE greater than DF, 
and DF greater than DC. 

Again, because WA, AD are greater than A/D, [I. 20. 
and MK is equal to MG, [l. Definition 15. 
the remainder AD is greater than the remainder GD, 
that is, GD is less than AD. 

And because MLD is a triangle, and from the points 
M, D, the extremities of its side A/D, the straight lines 
MK, DK are drawn to the point K within the triangle, 
therefore 7A, AD are less than WL, LD; fr. 2% 
and MK is equal to WL; [I. Definition 15. 
therefore the remainder A VD is less than the remainder LD. 

In the same manner it may be shewn that ZD is less 
than HD. 

Therefore DG is the least, and DX less than DZ, and DL 
less than D/H. 

Also, there can be drawn two equal straight lines from 
the point D to the circumference, one on each side of the 
least line. 

For, at the point JZ, in the straight line MD, make the 
angle DMB equal to the angle DIK, [I. 28. 
and join DB 

Then, because 7K is equal to IZB, 
and A/D is common to the two triangles KMD, BMD ; 
the two sides KW, MD are equal to the two sides BM, MD, 
each to each ; 
and the angle DJZK is equal to the angle DMB; [Constr. 
therefore the base DX is equal to the base DB. (I. 4. 

But, besides DB, no other straight line can be drawn 
from D to the circumference, equal to DK. 

For, if it be possible, let DNV be equal to DK. 
Then, because DJV is equal to DK, 
and DB is also equal to DK, 
therefore DB is equal to DNV; [Aviom 1. 
that is, a line nearer to the least is equal to one which is 
more remote ; 
which is impossible by what has been already shewn 

Wherefore, if any point be taken &c. Q¥.D. 


82 EUCLID’'S ELEMENTS. 


PROPOSITION 9. THEOREM, 


If a point be taken within a circle, from which there 
fall more than two equal straight lines to the circum- 
‘ference, that point is the centre of the circle. 

Let the point D be taken within the circle ABC, from 
which to the circumference there fall more than two equal 
straight lines, namely DA, DB, DC: the point D shall be 
the centre of the circle. 

For, if not, let Z be the centre ; 
join DZ and produce it both ways to 
meet the circumference at /’ and & ; 
then FG is a diameter of the circle. 

Then, because in /’G, a diameter 
of the circle ABC, the point D is 
taken, which is not the centre, DG 
is the greatest straight line from D 
to the circumference, and DC is greater than D&B, and 
DB greater than DA ; i) ae 
but they are likewise equal, by hypothesis ; 
which is impossible. 

Therefore Z is not the centre of the circle ABC. 

In the same manner it may be shewn that any other 

point than D is not the centre ; 


therefore D is the centre of the circle A BC. 
Wherefore, if a point be taken Se. Q.¥.D. 


PROPOSITION 10. THEOREM. 


One circumference of a circle cannot cut another at 
more than tao points. 

If it be possible, let the cireumference ABC cut the 
circumference DEF at more AL 
than two points, namely, at the —h— 
points B, G, /. 

Take K, the centre of the 
circle A BU, (Li, i. 
and join AB, KG, KF. 

Then, because A is the 
contre of the circle ABC, 


BOOK III. 10, 11. 83 


therefore KB, KG, K Fare all equal to each other. [I. Def.15. 
And because within the circle DEF, the point A’ is taken, 
from which to the circumference DZ#/' fall more than two 
equal straight lines AB, AG, AF, therefore A is the 
centre of the circle DEF. iG ge) 
But X is also the centre of the circle ABC. — [ Construction. 
Therefore the same point is the centre of two circles 
which cut one another ; 

which is impossible. LTT 5; 

Wherefore, one circumference &c. Q.E.D. 


PROPOSITION 11. THEOREM. 

Tf two circles touch one another internally, the straight 
line which joins their centres, being produced, shall pass 
through the point of contact. 

Let the two circles 4 BC, ADE touch one another inter- 
nally at the point 4; and let F’ be the centre of the circle 
ABC, and G the centre of the circle ADZ: the straight 
line which joins the centres /, G, being produced, shall 
pass through the point A. 

For, if not, let it pass otherwise, 
if possible, as GDH, and join 
AF, AG. 

Then, because AG, GF’ are 
greater than 4 /, [I. 20. 
and AF is equal to HF, [I. Def. 15. 
therefore AG, GF, are greater 
than H/F. 

Take away the common part GF; 
therefore the remainder 4G is greater than the remainder 
HIG: 
But AG is equal to DG. [I. Definition 15. 
Therefore DG is greater than 7G, theless than the greater ; 
which is impossible. 
Therefore the straight line which joins the points /, G, 
being produced, cannot pass otherwise than through the 
point A, 
that is, it must pass through A. 

Wherefore, ¢f two circles &c. Q.E.D. 
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PROPOSITION 12. THEOREM. 


If two circles touch one another externally, the straight 
line which joins their centres shall pass through the point 
of contact. 


Let the two circles ABC, ADE touch one another ex- 
ternally at the point A; and let / be the centre of the 
circle ALC, and G the centre of the circle ADE: the 
straight line which joins the points /, G, shall pass through 
the point A. 

For, if not, let it 
pass otherwise, if pos- 
sible, as FOCDG, and 
join FA, AG. 

Then, because Fis 
the centre of the cir- 
cle ABC, FA is equal 
to FC; — [I. Def. 15. 
and because G is the 
centre of the circle ADL, GA is equal to GD; 


therefore A, AG are equal to FC, DG. [Aaiom 2. 
Therefore the whole /'G is greater than “A, AG, 
But FG is also less than /'A, AG; [I. 20. 


which is impossible. 
Therefore the straight line which joins the points F, G 
cannot pass otherwise than through the point A, 
that is, it must pass through A. 
Wherefore, {f two circles &c. Q.B.D. 


PROPOSITION 13. THEOREM. 


One circle cannot touch another at more points than 
one, whether it touches it on the inside or outside. 


For, if it be possible, let the circle HBF touch the 
circle ABC at more points than one; and first on the 
inside, at the points B, DY. Join BY, and draw G// bisect- 
ing BD at right angles. iT. 10, U2, 

Then, because the two points B,D are in the circum- 
ference of each of the circles, the straight line BD falls 
within each of them ; Li2..9, 
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und therefore the centre of each circle is in the straight 
line GH which bisects BD at right angles; [ITI. 1, Corol. 
therefore GH passes through the point of contact. [ITI. 11. 
But GH does not pass through the point of contact, be- 
cause the points 4, D are out of the line GH; 
which is absurd. 
Therefore one circle cannot touch another on the inside at 
more points than one. 

Nor can one circle touch an- 
other on the outside at more 
points than one. 

For, if it be possible, let the 
circle ACK touch the circle A BC 
at the pots 4, C. Join AC. 

Then, because the two points 
A, C are in the circumference of 
the circle ACK, the straight line B 
AC which joins them, falls within 
the circle ACK ; Leh, 2: = 
but the circle 4CK is without the circle ABC; [Hypothesis 
therefore the straight line AC’ is without the circle 4 BC. 
But because the two points A, C are in the circumference 
of the circle ABC, the straight line AC falls within the 
circle ABC ; (en, 2: 
which is absurd. 
Therefore one circle cannot touch another on the outside 
at more points than one. 

And it has been shewn that one circle cannot touch 
another on the inside at more points than one. 


Wherefore, one circle &c, Q.E.D, 


A 
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PROPOSITION 14. THEOREM, 


Equal straight lines in a circle are equally distant from 
the centre: and those which are equally distant from the 
centre are equal to one another. 


Let the straight lines 42, CD in the circle ABDC, be 
equal to one another: they shall be equally distant from 
the centre. 

Take Z, the centre of the 
circle ABDC; FLEL 1. A 
and from # draw EF, EG per- 
pendiculars to 4B, CD; [1. 12. 
and join HA, LC. 

Then, because the straight D 
line ELF, passing through the 
centre, cuts the straight line 4B, 
which does not pass through the 
centre, at right angles, it also bisects it ; {III. 3. 
therefore AF’ is equal to /'B, and AB is double of AF. 
For the like reason CD is double of CG. 


But AB is equal to CD; [Hypothesis. 
therefore AF’ is equal to CG. [Awiom 7. 
And because AZ is equal to CZ, [I. Definition 15. 


the square on AZ is equal to the square on CZ. 


But the squares on AF, FF are equal to the square on 4 EZ, 
because the angle AF is a right angle; [I. 47. 
and for the like reason the squares on CG, GE are equal to 
the square on CE; ; 

therefore the squares on AF’, FF are equal to the squares 
on CG, GE. [Awiom 1. 
But the square on AF is equal to the square on CG, 
because AF’ is equal to CG; 


therefore the remaining square on FZ is equal to the re- 
maining square on GL; [Aaiom 8. 


and therefore the straight line “/' is equal to the straight 
line LG. 


But straight lines in a circle are said to be equally distant 
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from the centre, when the perpendiculars drawn to them 
from the centre are equal ; [III. Definition 4. 
therefore 4B, CD are equally distant from the centre. 

Next, let the straight lines AB, CD be equally distant 
from the centre, that is, let HF be equal to EG: AB shall 
ve equal to CD. 

For, the same construction being made, it may be 
shewn, as before, that AB is double of 47, and CD double 
of CG, and that the squares on HF, F'A are equal to the 
squares on LG, GC; 
but the square on ZF is equal to the square on EG, 


because His equal to LG; [ Hypothesis. 
therefore the remaining square on /’'A is equal to the re- 
maining square on GC, [Axiom 8. 


and therefore the straight line AF is equal to the straight 

line OG. 

ne AB was shewn to be double of AF, and CD double 

of CG. 

Therefore AB is equal to CD. [Axiom 6. 
Wherefore, equal straight lines &c. Q.E.D. 


PROPOSITION 15. THEOREM. 


The diameter is the greatest straight line in a circle; 
and, of all others, that which is nearer to the centre is 
always greater than one more remote; and the greater 
is nearer to the centre than the less. 


Let ABCD be a circle, of which AD is a diameter, an«| 
FE the centre; and let BC be nearer to the centre than FG : 
AD shall be greater than 
any straight line BC which 
isnota diameter, and BC shall 
be greater than FG. 

From the centre # draw 
EH, EK perpendiculars to 
BC, FG, ty Ta 
and join HB, EC, EF. 


Then, because AF is equal 
toBE, and ED to EC, [I. Def.15. 


therefore AD is equal to BE, EC; [Axiom 2, 


AB 
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but BH, LU are greater than BC; [I. 20. 
therefore also AD is greater than BC. 

And, because BC is nearer to 
the centre than FG, [Hypothesis. 
EH. is less than EK. [111. Def. 5. 
Now it may be shewn, as in the 
preceding proposition, that BC 
is double of BH, and FG double 
of FR, and that the squares on 
EH, HB areequal tothe squares D 
on EK, KF. 

But the square on HH is less than the square on ER, 
because ZH is less than LK ; 

therefore the square on //#/ is greater than the square 
on KF; 

and therefore the straight line BZ is greater than the 
straight line FA’ ; 

and therefore BC is greater than FG. 


Next, let BC be greater than F/G: BC shall be nearer 
to the centre than /G, that is, the same construction 
being made, /H/ shall be less than LA, 

For, because BC is greater than FG, BH is greater 
than F'K. 

But the squares on BH, HE are equal to the squares on 
FK, KE; 

and the square on BH is greater than the square on F'K, 
because BH is greater than /’K ; 

therefore the square on //Z is less than the square on AE; 
and therefore the straight line LH is less than the straight 
line EK, 

Wherefore, the diameter &c. Q.B.D. 


F~ 
/ 


PROPOSITION 16. THEOREM. 


The straight line drawn at right angles to the diameter 
of a circle from the extremity of it, falls without the 
circle; and no straight line can be drawn from the 
extremity, between that straight line and the circumfer- 
ence, so as not to cut the circle. 
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Let ABC be a circle, of which D is the ventre and 
AB a diameter: the straight line drawn at right angles to 
AB, from its extremity A, shall fall without the circle. 

For, if not, let it fall, if pos- 
sible, within the circle, as AC, 
and draw DC to the point C, 
where it meets the circumference. p A 

Then, because DA is equal to 
DC, [I. Definition 15. 
the angle DAC is equal to the 
angle DCA. Baas 
But the angle DAC is a right angle; | [ Hypothesis. 
therefore the angle DCA is a right angle ; 
and therefore the angles DAC, DCA are equal to two 
right angles; which is impossible. Beir 


Therefore the straight line drawn from A at right angles to 
AB does not fall within the circle. 

And in the same manner it may be shewn that it does 
not fall on the circumference. 

Therefore it must fall without the circle, as AZ. 

Also between the straight line 4# and the circumfer- 
ence, no straight line can be drawn from the point A, which 
does not cut the circle. 

For, if possible, let A” be between 
them; and from the centre D draw 
DG perpendicular to AF; ele 
let DG meet the circumference at /Z, 

Then, because the angle DGA isa 
right angle, [Construction. B 
the angle DAG is less than a right 
angle ; ages 
therefore D.A is greater than DG. [1.19. 
But DA is equal to DH; [I. Definition 15. 
therefore DA is greater than DG, the less than the greater ; 
which is impossible. 

Therefore no straight line can be drawn from the point 
A between A and the circumference, so as not to cut the 
circle. 


FE 
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Wherefore, the straight line &. Q.n.D. 


CoroLuary. From this it is manifest, that the straight 
line which is drawn at right angles to the diameter of a 
circle from the extremity of it, touches the circle ; [{1I. Def.2. 
and that it touches the circle at one point only, 


because if it did meet the circle at two points it would fall 
within it. (aa. 2. 
Also it is evident, that there can be but one straight line 
which touches the circle at the same point. 


PROPOSITION 17. PROBLEM. 


To draw a straight line from a given point, either 
without or in the circumference, which shall touch a giren 
circle. 


First, let the given point A be without the given circle 
BCD: it is required to draw from A a straight line, which 
shall touch the given circle. 

Take #, the centre of the 
circle, oie, x 
and join A# cutting the cireum- 
ference of the given circle at D ; 
and from the centre /, at the 
distance /A, describe the circle 
AFG; from the point D draw 
DF at right angles to £A, [1.11. 
and join LF cutting the cireum- 
ference of the given circle at B; 
join AB. AB shall touch the circle BCD. 

For, because # is the centre of the circle AVG, FA is 
equal to BF. [l. Definition 15. 
And because # is the centre of the circle BCD, EB is 
equal to BD. [I. Definition 15. 
Therefore the two sides 42, LB are equal to the two sides 
FE, ED, each to each; 
and the angle at / is common to the two triangles 4/8, 
FED; : 
therefore the triangle AB is equal to the triangle FED, 
and the other angles to the other angles, each to each, to 
which the equal sides are opposite ; (Il. 4. 
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therefore the angle ABE is equal to the angle FDEL. 
But the angle /' DZ is a right angle ; [Construction. 
therefore the angle 4 BF is a right angle. [Axiom 1. 
And £#B is drawn from the centre; but the straight line 
drawn at right angles to a diameter of a circle, from the 
extremity of it, touches the circle ; [111. 16, Corollary. 
therefore AB touches the circle. 
And AB is drawn from the given point A. Q.E.F. 
But if the given point be in the circumference of the 
circle, as the point D, draw DE to the centre , and DF at 
right angles to DZ; then DF touches the circle. [III. 16, Cor. 


PROPOSITION 18. THEOREM. 


Tf a straight line touch a circle the straight line drawn 
Srom the centre to the point of contact shall be perpen- 
dicular to the line touching the circle. 


Let the straight line DZ touch the circle ABC at the 
point C; take 7, the centre of the circle 4 BC, and draw 
the straight line #O: #C shall be perpendicular to DE. 


For if not, let /G be drawn from the point / perpen- 


dicular to D/, meeting the cir- oN 

cumference at B. : 
Then, because FGC is a right 7 

angle, [ Hypothesis. | F 


FCG is an acute angle; [I. 17. 
and the greater angle of every 


triangle is subtended by the BY 
greater side ; Rien g ar co @ 
therefore YC is greater than FG. 

But FC is equal to FB; [I. Definition 15. 


therefore “A is greater than FG, the less than the greater ; 
which is impossible. 


Therefore /G is not perpendicular to DZ. 


In the same manner it may be shewn that no other 
straight line from / is perpendicular to DE&, but FC; 
therefore FC is perpendicular to DE. 


Wherefore, if a straight line &. Q.B.D. 
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PROPOSITION 19. THEOREM. 

If a straighi line touch a circle, and from the point of 
contact a straight line be drawn at right angles to the 
touching line, the centre of the circle shall de in that line. 

Let the straight line DZ touch the circle ABC at C, 
and from @ let CA be drawn at right angles to DE: the 
centre of the circle shall be in CA. 

For, if not, if possible, let / be 
the centre, and join CF. 

Then, because DZ touches the circle 
ABC, and FC is drawn from the 
centre to the point of contact, /C 
is perpendicular to DL; {III. 18. 
thereforethe angle /CZisarightangle. 
But the angle ACE is also a right 
angle ; (Construction. 
therefore the angle FCZ is equal to the angle ACE, [Az. 11. 
the less to the greater; which is impossible. 

Therefore F is not the centre of the circle ABC. 

In the same manner it may be shewn that no other point 
out of CA is the centre ; therefore the centre is in CA. 


Wherefore, if a straight line &c.  Q.¥.D. 


PROPOSITION 20. THEOREM. 

The angle at the centre of a circle is double of the angle 
at the circumference on the same base, that is, on the same 
are. 

Let ABC be a circle, and BEC an angle at the centre, 
and BAC an angle at the circumference, which have the 
same are, BC, for their base: the angle BEC shall be 
double of the angle BAC. 

Join AZ, and produce it to /. 

First let the centre of the circle 
be within the angle BAC. 

Then, because HA is equal to 
EB, the angle FAB is cqual to the 
angle EBA; {I. 5. 
therefore the angles HAB, EBA 
are double of the angle LAB. 
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But the angle BH Fis equal to the angles HA B, EBA; [1.32. 
therefore the angle BEF is double of the angle HAB. 

For the same reason the angle YEC is double of the 
angle HAC. 

Therefore the whole angle BEC is double of the whole 
angle BAC. 

Next, let the centre of the circle 
be without the angle BAC. 

Then it may be shewn, as inthe first 
case, that the angle “ZC is double of 
the angle “AC, and that the angle 
FEB, a part of the first, is double of 
the angle “AB, a part of the other; 
therefore the remaining angle BEC is 
double of the remaining angle BAC. 

Wherefore, the angle at the centre &c. QED. 


PROPOSITION 21. THEOREM. 


The angles in the same segment of a circle are equal to 
one another. 

Let ABCD bea circle, and BAD, BED angles in the 
same segment BALD: the angles BAD, BED shall be 
equal to one another. 

Take F the centre of the circle 


ABCD. ae 
First let the segment BAD be és 
greater than a semicircle. 
Join BF, DF. 
Then, because the angle PFD is l 
at the centre, and the angle BA Dis B 
at the circumference, and that they 
have the same arc for their base, C 
namely, BCD ; 
therefore the angle BF'D is double of theangle BA D.[I11.20. 
For the same reason the angle BF'D is double of the angle 
BED. 


Therefore the angle B.AD is equal to the angle BED. [Ax. 7. 
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Next, let the segment BAED be not greater tran a 
semicircle. 
Draw AF to the centre, and pro- “ae 
duce it to meet the circumference at 
C, and join CE. D 
Then the segment BAEC is 
greater than a semicircle, and there- 
fore the angles ZAC, BEC in it, are 
equal, by the first case 
For the same reason, because the G 
segment CAEP is greater than a 
semicircle, the angles CAD, CED are equal. 
Therefore the whole angle BAD is equal to the whole 
angle BED. [Axiom 2. 
Wherefore, the angles in the same segment &c,  Q.E.D. 


PROPOSITION 22. THEOREM. 


The opposite angles of any quadrilateral figure in- 
scribed in a circle are together equal to two right angles. 


Let ABCD be a quadrilateral figure inscribed in the 
circle ABCD: any two of its opposite angles shall be toge- 
ther equal to two right angles, 

Join AC, BD. 


Then, because the three angles 
of every triangle are together 
equal to two right angles, [I. 32. 
the three angles of the triangle 
CAB, namely, CAB, ACB, ABC 
are together equal to two right 
angles. 

But the angle CAB is equal to the angle CDB, because 
they are in the same segment CD.AB; (111. 21. 


and the angle ACB is equal to the angle ADB, because 
they are in the same segment A DCB; 


therefore the two m7 CAB, ACB are together equal 
to the whole angle 4 DC, [Aaiom 2. 


To each of these equals add the angle ABC; 
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therefore the three angles C4 B, ACB, ABC, are equal to 
the two angles A BC, ADC. 
But the angles CAB, ACB, ABC are together equal to 
two right angles ; [. 32. 
therefore also the angles A BO, ADC are together equal to 
two right angles. 
In the same manner it may be shewn that the angles 
BAD, BCD are together equal to two right angles. 
Wherefore, the opposite angles &c. Q.E.D. 


PROPOSITION 23. THEOREM. 


On the same straight line, and on the same side of it, 
there cannot be two similar segments of circles, not coin- 
ciding with one another. 


If it be possible, on the same straight line AB, and on 
the same side of it, let there be two similar segments of 
circles ACB, ADB, not coinciding with one another. 

Then, because the circle ACB 
cuts the circle ADB at the two 
points A, B, they cannot cut one 
another at any other point; [I1I1.10. 
therefore one of the segments 
must fall within the other; let 
ACB fall within ADB; draw the 
straight line BCD, and join AC, AD. 

Then, because ACB, ADB are, by hypothesis, similar 
segments of circles, and that similar segments of circles 
contain equal angles, [III. Definition 11. 
therefore the angle ACB is equal to the angle ADB ; 
that is, the exterior angle of the triangle ACD is equal to 
the interior and opposite angle ; 
which is impossible. [I. 16. 

Wherefore, on the same straight line &c. Q.E.D. 


\ 
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PROPOSITION 24. 7HHUREM. 


Similar segments of circles on equal straight lines are 
equal to one another. 


Let AFB, CFD be similar segments of circles on the 
equal straight lines 44, CD: the segment AZ#B shall be 
equal to the segment CFD, 

For if the segment E 

AEB be applied to : 
the segment CFD, 
so that the point 4 A Cc D 
may be on the point 
C, and the straight line AB on the straight line CD, the 
point BL will coimcide with the point D, because AB is 
equal to CD. 
Therefore, the straight line A B coinciding with the straight 
line CD, the segment ALB must coincide with the seg- 
ment CFD; (III. 28. 
and is therefore equal to it. 

Wherefore, similar segments &e. Q.B.D. 

PROPOSITION 25. PROBLEM. 
A segment of a circle being given, to describe the circle 
of which it is a segment. 


Let ABC be the givensegment of a circle: it is required 
to describe the circle of which it is a segment. 


Bisect AC at D ; LL. 20. 
from the point D draw DB at right angles to AC; [I. 11. 
and join AR. 

First, let the angles A BD, BAD, be equal to one another. 
Then DB is equal to DA ; [I. 6, 
but DA is equal to DC; [Construction. 
therefore DB is equal to DC. [Axiom 1, 
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Therefore the three straight lines D4, DB, DCare allequal; 
and therefore D is the centre of the circle. 0 Oe 
From the centre D, at the distance of any of the three 
DA, DB, DC, describe a circle; this will pass through 
the other points, and the circle of which ABC is a segment 
is described. 
And because the centre D is in AC, the segment 4 BC 
is a semicircle, 
Next, let the angles ABD, PAD be not equal to one 
another. 
At the point A, in the straight line 4B, make the angle 
BAE equal to the angle ABD ; [I. 23, ° 
produce BD, if necessary, to meet AF at E, and join EC. 
Then, because the angle BAL is equal to the angle 


ABE, (Construction. 
EA is equal to EB, [I. 6. 
And because 4D is equal to CD, {Construction 


and D# is common to the two triangles ADE, CDE; 

the two sides AD, D# are equal to the two sides CD, DE, 
each to each; 

and the angle 4 DZ is equal to the angle CDE, for each of 


them is a right angle ; (Construction, 

therefore the base #A is equal to the base HC. [I. 4. 
But £#A was shewn to be equal to EB; 

therefore ZB is equal to EC. [Axiom 1. 

‘Lherefore the three straight lines 7A, HB, EC are all equal ; 

and therefore / is the centre of the circle. [IIT. 9. 


From the centre /, at the distance of any of the three 
HA, EB, EC, describe a circle ; this will pass through the 
other points, and the circle of which 4BC is a segment is 
described. 

And it is evident, that if the angle ABD be greater 
than the angle BAD, the centre # falls without the seg- 
ment ABC, which is therefore less than a semicircle ; but 
if the angle 4 BD be less than the angle BAD, the centre 
F falls within the segment ABC, which is therefore greater 
than a semicircle. 

Wherefore, a segment of a circle being given, the cirete 
has been described of which it is a segment, Q.E.¥. 


9) 
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PROPOSITION 26. THEOREM, 


In equal circles, equal angles stand on equal ares, 
whether they be at the centres or circumferences. 


Let ABC, DEF be equal circles ; and let BGC, HAF 
be equal anglos in them at their centres, and BAC, EDF 
equal angles at their circumferences; the arc BAC shall 
be equal to the are ELF. 


* 


a 
H 
F 
Join BO, EF. 


Then, because the circles ABC, DEF are equal, [Ayp. 
the straight lines from their centres are equal; [I11. Def. 1. 


therefore the two sides BG, GC are equal to the two sides 
EH, HF, each to cach ; 


and the angle at @ is equal to the angle at /7 ; (//ypothesis. 
therefore the base BC is equal to the base LF. (L 4. 

And because the angleat A is equal to the angle at D[Ayp. 
thesegment BA Cis similartothe segment LDF; [111. Def.11. 
and they are on equal straight lines BC, EF. 


But similar segments of circles on equal straight lines are 
equal to one another ; (IJ. 24. 


therefore the segment BAC is equal to the segment EDF. 
But the whole circle 42C is equal to the whole cirele 


DEF; [ /Typothesis. 
therefore the remaining segment BAC is equal to the re. 
maining segment 1 / ; [Axiom 8, 


therefore the are BAT’ is equal to the are HLF. 
Wherefore, in equal circles Se. QV. RD. 
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PROPOSITION 27. THEOREM. 


In equal circles, the angles which stand on equal ares 
are equi to one another, whether they be at the centres or 
circumferences. 


Let ABC, DEF be equal circles, and let the angles 
BGC, HHF at their centres, and the angles BAC, EDF 
at their circumferences, stand on equal arcs BC, EF: the 
angle BGC shall be equal to the angle HH, and the angle 
BAC equal to the angle EDF. 


If the angle BGC be equal to the angle EHF, it is 
manifest that the angle BAC is also equal to the angle 
EDF. [I II. 20, Axiom 7. 
But, if not, one of them must be the greater. Let BGC be 
the greater, and at the point G,in the straight line BG, 
make the angle BGK equal to the angle EHF. [I. 23. 

Then, because the angle BG is equal to the angle HF, 
and that in equal circles equal angles stand on equal ares, 


when they are at the centres, LLnL 26. 
therefore the arc BE is equal to the arc LF. 
But the arc #F is equal to the are BC; [ Typothests, 


therefore the arc BK is equal to the are BC, [Axiom 1. 
the less to the greater; which is impossible. 
Therefore the angle BGC is not unequal to the angle FEAF, 
that is, it is equal to it. 

And the angle at A is half of the angle BGC, and the 
angle at D is half of the angle HAF; (IIL 20. 
therefore the angle at A is equal to the angle at D. [Az. 7. 


Wherefore, in equal circles &c. QED. : 
—2 
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PROPOSITION 28. THEOREM. 


In equal circles, equal straight lines cut off equal ares, 
oe greater equal to the greater, and the less equal to the 
88. 


Let ABC, DEF be equal circles, and BC, LF equal 
suraight lines in them, which cut off the two greater arcs 
BAC, EDF, and the two less arcs BOC, EHF: the 
greater arc ZAC shall be equal to the greater are EDF, 
and the less are BGC equal to the less are EHF. 


D 
E 
ved 
Take K, Z, the centres of the circles, [Ent 
and join BK, KC, EL, LF. 
Then, because the circles are equal, [Zypothesis. 


the straight lines from their centres are equal; [TTT. Def. 1. 
therefore the two sides BX, KC are equal to the two sides 
EL, LF, each to each ; 

and the base BC is equal to the base LF’; [Hypothesis. 
therefore the angle BAC is equal to the angle HLF, [I. 8. 


But in equal circles equal angles stand on equal arcs, when 
they are at the centres, {IIL 26. 


therefore the arc BGC is equal to the are LHF. 
But the circumference A BGC is equal to the circum- 


ference DEILF ; [Typothesis. 
therefore the remaining are BAC is equal to the remaining 
are EDF. [Amiom 3. 


Wherefore, in equal circles &&. QB». 
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PROPOSITION 29. THEOREM. 


In equal circles, equal arcs are subtended by equal 
straight lines. 


_ Let ABC, DEF be equal circles, and let BGC, EHF 
be ae arcs in them, and join BC, LF: the straight line 


BC be equal to the straight line #/. 
D 
B Cc E F 
H 
Take K, LZ, the centres of the circles, (IIl. 1. 


and join BK, KC, EL, LF. 
Then, because the are BGC is equal to the are 
EHF, [ Hypothesis. 


the angle BKC is equal to the angle HLF. (IIL. 27, 
And because the circles 4 BC, DEF are equal, [Zypothesis. 
the straight lines from their centres are equal; [TII. Def. 1. 
therefore the two sides BK, KC are equal to the two sides 
EL, LF, cach to each; 

afid they contain equal angles ; 

therefore the base BC is equal to the base EF. [L. 4 

Wherefore, in equal vircles &c. Q.u.D. 


PROPOSITION 30. PROBLEM. 


To bisect a given arc, that v8, to divide it into two equat 
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Let ADB be the given arc; it is required to bisect it 


Join AB; 
bisect if at C; [I. 10. D 


from the point C draw CD at 
right angles to AB meeting 
the are at D. {I. 11. A C 
The are ADB shall be bisected 
at the point D. 
Join AD, DB. 
Then, because AC is equal to CB, [ Construction. 
and CD is common to the two triangles ACD, BCD; 


the two sides 40, CD are equal to the two sides BC, CD, 
each to each ; 


and the angle ACD is ea to the angle BCD, because 
each of them is a right angle ; [ Construction. 


therefore the base AD is equal to the base BD. [I. 4. 


But equal straight lines cut off equal ares, the greater 
equal to the greater, and the less equal to the less ; [IIT. 28. 


and each of the arcs AD, DB is less than a semi-circum- 
ference, because DO, if produced, is a diameter ; [ITT. 1. Cor 


therefore the arc AD is equal to the are DB. 
Wherefore the given arc is bisected at D. omy. 


PROPOSITION 81. THEOREM, 


In a circle the angle ina semicircle is a right angle; 
but the angle in a segment greater than a semicirele is less 
than a right angle; and the angle in a segment lese than 
a semicircle is greater than a right angle. 


Let ABCD be a circle, of which BC is a diameter 
and F the centre; and draw CA, dividing the circle into 
the segments ABC, APOC, and join BA, AD, DC: the 
angle in the semicircle BAC shall be a right angle; but 
the angle in the segment ABC, which is greater Uaaa a 
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semicircle, shall be less than a F 
right angle; and the angle in 
the segment 4 DC, which is less 
than a semicircle, shall be greater 
than a right angle. 

Join 4 Z,and produce BA to F. 


Then, because 7A is equal to B E 
EB, EL Defiasiton 16, 


the angle HAB is equal to the 
angle HBA; i. 5. 


and, because FA is equal to EC, 
the angle HAC is equal to the angle ECA; 


therefore the whole angle BAC is equal to the two angles, 


ABC, ACB. [Axiom 2. 
But FAC, the exterior angle of the triangle A BC, is equal 
to the two angles 4 BC, ACB; [I. 32. 


therefore the angle BAC is equal to the angle FAC, [Ax 1. 
and therefore each of them is a right angle. [I. Def. 10. 
Therefore the angle in a semicircle BAC is a right angle. 

And because the two angles ABC, BAC, of the triangle 
ABC, are together less than two right angles, ie lz: 
and that BAC has been shewn to be a right angle, 
therefore the angle 4A BC is less than a right angle. 
Therefore the angle in a segment ABC, greater than a 
semicircle, is less than a right angle. 


And because 4 BCD is a quadrilateral figure in a circle, 
any two of its opposite angles are together equal to two 
right angles ; Rabee 
therefore the angles ABC, ADC are together equal to two 
right angles, ‘ 

Bat the angle 4 BC has been shewn to be Jess than a right 
angle; 

therefore the angle 4 DC is greater than a right angle. 
Therefore the angle in a segment ADGC, less than a semi- 
circle, is greater than a right angle. 

Wherefore, tie angle &c.  Q.E.D. 
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Corotiaky. From the demonstration it is manifest 
that if one angle of a triangle be equal to the other two, it 
is a right angle. 

For the angle adjacent to it is equal to the same two 


angles ; (I. 32, 
and when the adjacent angles are equal, they are right 
angles. [I. Definition 10. 


PROPOSITION 82. THEOREM, 


If a straight line touch a circle, and from the point of 
contact a straight line be drawn culling the circle, the 
angles which this line makes with the line touching the 
circle shall be equal to the angles which are in the alternate 
segments of the circle. 

Let the straight line LF touch the circle ABCD at 
the point B, and from the point B let the straight line RD 
be drawn, cutting the vod the angles which BU makes 
with the touching line Z/, shall be equal to the angles in 
the alternate segments of the circle; that is, the angle 
DBF shall be equal to the angle in the segment BAD, 
and the angle DV shall be equal to the angle in the seg- 
ment BCD, 


Fromthe point B draw BA 


at right angles to HF, [I. 11. oT ag 
and take any point C in the a 
arc BD, and join AD, DO, / 
CB. | 

Then, because the straight \ ee. 
line HF touches the circle i / 
ABCD at the point B, [Hyp. ah 
and BA is drawn at right : B E 
angles to the touching line 
from the point of contact B, [Construction 
therefore the centre of the circle is in BA. [IIL 19. 
Therefore the angle 4 DB; being iu a semicircle, is a right 
angle. (IIL. 31 
Therefore the other two angles BAD, ABD are equal toa 
right angle. {I. 82 


But A2BF is also a right angle. [Construc'ion, 
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Therefore the angle ABF is equal to the angles BAD, 
ABD. 
From each of these equals take away the common angle 
ABD; 
therefore the remaining angle DBF is equal to the remain- 
ing angle 2A D, [Axiom 8 
which is in the alternate segment of the circle. 

And because ABCD is a quadrilateral figure in a circle, 
the opposite angles BAD, BCD are together equal to two 


right angles. ITE, 22. 
But the asagles DBF, DBE are together equal to two 
right angles. fe 13: 


Therefore the angles DBF, DBE are together equal to the 
angles BAD, BCD. 
And the angle DBF has been shewn equal to the angle 
AD 
therefore the remaining angle DBZ is equal to the re 
mainng angle BOD, [Axiom 8% 
which is in the alternate segment of the circle. 

Wherefore, if a straight line &c. Q.E.D. - 


PROPOSITION 33. PROBLEM. 


On a given straight line to describe a segment of a 
circle, containing an angle equal to a given rectilineal 
angle. 


Let AB be the given straight liné, and C the given 
rectilineal angle; it is required to describe, on the given 
straight line A B, a segment of a circle containing an angle 
equal to the angle C. 


First, let the angle C 


be a right angle. C 

Bisect AB at F, _[I. 10. 

and from the centre /, at 

the distance /'B, describe A iy B 


the semicircle 4 HB. 


Then the angle AHB 
ip a semicircle is equal to the right angle C, [III. 31. 
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But if the angie ~ be 
not a right angle, at the 
point A, in the straight line 
AB. make the angle BAD 
equal to the angle C;[L. 23. 
from the point A, draw AE 
at right angles to dD;[I.11. 
bisect AB at F; [I. 10. 
from the point 7, draw FG 
at right angles to A B;[1.11. 


and join GB. 

Then, because AF’ is 
equal to BF, | Const. 
and FG is common to the 
two triangles AVG, BFG; 
the two sides AF, FG are 


equal to the two sides 
BF, FG, each to each; 


and the angle AFG is ¥ es 
equal to the angle B¥FG ; [1. Definition 10, 
therefore the base AG is equal to the base BG; [I. 4 


and therefore the circle described from the centre G, at the 
distance (A, will pass through the point ZB. 


Let this circle be described; and let it be 4A //2. 


The segment A//B shall contain an angle equal to the 
given rectilineal angle C. 


Because from the point A, the extremity of the diameter 
AF, AD is drawn at right angles to 4 Z, [Construction, 


therefore AD touches the circle. [III. 16. Corollary. 


And because AZ is drawn from the point of contact A, 
the angle DAB is equal to the ct in the alternate 


segment A/7B. (TI. 32, 
But the angle DAZ is equal to the angle C. [Consor. 
Therefore the angle in the segment AHB is equal to the 
angle C. [Awiom 1. 


Wherefore, on the given straight line AB, the segment 
AHB of a circle has been fred a containing an angle 
equil to the given angle OC. Qmr. 
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PROPOSITION 34. PROBLEM. 


From a given circle to cut off a segment containing an 
angle equal to a given rectilineal angle. 


Let ABC be the given circle, and D the given recti- 
lineal angle: it is required to cut off from the circle ABG 
a segment containing an angle equal to the angle D. 

Draw the straight ; 
line LY’ touching the 


circle ABC at the 

point B; PLU. 17; 

and atthe point B,in the ( 
straight line B/’, make 

the angle FBC equal 

to the angle D. [I. 23. me 
Thesegment BAC shall Be = Soe 


contain an angle equal 
to the angle D. 


Because the straight line #F' touches the circle 4 BC, 


and AC is drawn from the point of contact B, [ Constr. 
therefore the angle “BC is equal to the angle in the 
alternate segment BAC of the circle. [IIL 32 


But the angle /'BC is equal to the angle D. [Construction. 


Therefore the angle in the segment BAC is equal to the 
angle D. [Axiom 1. 


Wherefore, from the given circle ABC, the segment 
BAC has been cut off, containing an angle equal to the 
given angle D. Q.E.F. . 


PROPOSITION 35, THEOREM. 


If two straight lines cut one another within a circle, 
the rectangle contained by the segments of one of them 
shall be equal to the rectangle contained by the segments 
of the other. 
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Let the two straight lines AC, BD cut one another at 
the point Z, within the circle ABCD: the rectangle con- 
tained by AZ, £C shall be equal to 
the rectangle contained by BE, ED. 

If ACand B D both passthrough 
the centre, so that Z is the centre, 
it is evident, since HA, EB, EC, 
ED are all equal, that the rect- 
angle AE, EC is equal to the rect- 
angle BE, ED. 


But let one of them, BD, pass through the centre, and 
cut the other AC, which does not pass through the centr., 
at right angles, at the point Z. 

Then, if BY be bisected at F, F D 
is the centre of the circle ABCD; 
join A F. 

Then, because the straight 
line BD which passes through 
the centre, cuts the straight line 
AC, which does not pass through A 
the contre, at right angles at the 
point £, (Hypothesis. 

AEF is equal to LC. [1II. 3. 


And because the straight line BD is divided into two 
equal parts at the point /, and into two unequal parts at 
the point F, the rectangle BE, ED, together with the 
square on #/’, is equal to the square on /'A, (II. 5. 
that is, to the square on AF. 


But the square on A /’is equal tothe squares on AZ, FF {1.47. 


Therefore the rectangle BL, ED, together with the square 
on EF, is equal to the squares on AL, EF. [Aziom 1. 
Take away the common square on EF’; 

then the remaining rectangle BE, ED, is equal to the 
remaining square on AZ, 

that is, to the rectangle AZ, EC. 


Next, let BD, which passes through the centre, cu: 
the other AC, which does not pass through the centre, 
at the point #, but not at right angles. Then, if BD 
be bisected at /, F is the centre of the circle ABCD; 
join AF, and from /' draw 4G perpendicular to AC. [I. 12 
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Then AG is equal to GO; [IIL 3. 
therefore the rectangle 4#, ZC, 
together with the square on HG,is =p 
equal to the square on AG, [IT. 5. 


To each of these equals add the SF 
square on GF’; E 
then the rectangle AZ, EC, to- * G 


gether with the squares on EG, 
GF, is equal to the squares on 
AG, GF. [Awiom 2, 
But the squares on HG, GF are equal to the square on 
; 
and the squares on AG, GF are equal to the square on 
[I. 47. 
Therefore the rectangle AZ, HC, together with the square 
on EF, is equal to the square on AF, 


that is, to the square on JB. 

But the square on FZ is equal to the rectangle BE, ED, 
together with the square on LF. [II. 5. 
Therefore the rectangle 47, EC, together with the square 


on EF, is equal to the rectangle BL, LD, together with 
- the square on ZF. 


Take away the common square on EF’; 


then the remaining rectangle AZ, HC is equal to the 
remaining rectangle BE, ED. [Axiom 3. 
Lastly, let neither of the straight lines AC, BD pass 
through the centre. 
Take the centre /, gm ie 
and through Z, the intersection 
of the straight lines AC, BD, D 
draw the diameter GE FH. 
Then, as has been shewn, 


the rectangle GZ, EH is equal /C 
to the rectangle AZ, EC, and G 
also to the rectangle BE, ED; B 
therefore the rectangle 4 7, EC 

is equal to the rectangle BL, ED. [A tiom 1, 


Wherefore, ¢f two straight lines &. 4.E.D. 
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PROPOSITION 36. THEOREM, 


Lf from any point without @ circle two strarght lines 
be drawn, one of which cuts the circle, and the other 
touches it; the rectangle contained by the whole tine which 
cuts the circle, and the part of it without the circle, shall 
be equal to the square on the line which touches it. 


Let D be any point without the circle ABC, and let 
DCA, DB be two straight lines drawn from it, of which 
DCA cuts the circle and DB touches it: the rectangie 
AD, DG shall be equal to the square on DB, 

First, let DCA pass through 
the centre /, and join LB. 

Then ZBV isa right angle. (LIL 18, 
And because the straight line AC 
is bisected at /, and produced to 
D, the rectangle AD, DC together 
with the square on AC is equal to 
the square on LD. [IL 6. 
But ZC is equal to ZB; 

therefore the rectangle AD, DC 
together with the square on 4B is 
equal to the square on £D. 

But the squareon #'D is equal to the 
squares on LB, BD, because HBL is a right angle. [T. 47. 
Therefore the rectangle A), DC, together with the square 
on LB is equal to the squares on LB, BD. 

Take away the common square on LB; 


then the remaining rectangle AD, DC is equal to the 


square on DB. [Aziom 3. 

Next let DCA not pass through the centre of the circle 
ABC; take the centre 7; (iI. 1. 
from / draw EF perpendicular to AC; {I. 12 


and join LB, EC, £/. 

Then, because the straight line Z/ which passes through 
the centre, cuts the straight line 4C, which does not 
through the centre. at right angles, it also bisects it; [IIL & 
therefore 4 / is equal to ’'C. 
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And because the straight line AC is bisected at F, and 
produced to D, the rectangle AD, DC, together with the 
square on FC, is equal to the square on FD. [II. 6. 
To each of these equals add the square on FZ, 

Therefore the rectangle 4D, DC 
together with the squares on 
CF, FE, is equal to the squares 
on DF, FE. [Axiom 2. 
But the squares on CF, FE are 
equal to the square on CZ, be- 
cause CFE isa right angle; [T. 47. 
and the squares on D#’, FE are 
equal to the square on DZ. 
Therefore the rectangle 4D, DC, 
together with the square on CZ, 
is equal to the square on DE. 
But CZ is equal to BE; 
therefore the rectangle 4D, DOC, together with the square 
on BE, is equal to the square on DZ. 

But the square on DE is equal to the squares on DB, 
BE, because XBD is a right angle. BiGe yA 
Therefore the rectangle 4D, DO, together with the square — 
on BE, is equal to the squares on DB, BE. 

Take away the common square on BE; 

then the remaining rectangle 4D, DC is equal to the 
square on DB, [Awiom 3 
Wherefore, if from any point &c. Q.E.D. 


Coronary. If from any point 
without a circle, there be drawn 
two straight lines cutting it, as 
AB, AC, the rectangles contained 
by the whole lines and the parts 
of them without the circles are 
equal to one another; namely, the 
rectangle BA, A// is equal to the 
rectangle CA, AF; for each of 
them is equal to the square on the 
straight line AD, which touches 
the circlo. 


8 
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PROPOSITION 37. - THEOREM. 

If from any point without a circle there be drawn two 
sbraight lines, one of which cuts the circle, and the other 
meets it, and if the rectangle contained by the whole line 
which culs the circle, and the part of tt without the circle, 
be equal to the square on the line which meets the circle, 
the line which meets the circle shall touch tt. 

Let any ae D be taken without the circle ABC, 
and from it let two straight lines DCA, DB be drawn, 
of which DCA cuts the circle, and DB meets it; and let 
the rectangle 4D, DC be equal to the square on DB; 
DB shall touch the circle. 

Draw the straight line DE, 
touching the circle ABC; [IIL 17. 
find / the centre, POEL, 1 
and join BL, FD, FE. 

Then the angle FED is a 
right angle. [III. 18. 
And because DE touches the 
circle ABC, and DCA cuts 
the rectangle AD, DC is equa 
to the square on DL. (IIL. 36. 
But the rectangle AD, DC is 
equal to the square on DB. (Hyp. 
Thereforethesquare on D Lis equal tothe square onDB Axl. 
therefore the straight line DZ is equal to the straight line 
DB. 

And EF is equal to BF; [I. Definition 15. 

therefore the two sides DE, EF are equal to the two sides 
DB, BF each to each ; 
and the base D F'is common to the twotriangles DEF, DBF; 
therefore the angle DEF is equal to the angle DBF. {1. 8. 
But DEF is a right angle ; . [Construction 
therefore also DBF is a right angle- 
And BF, if produced, is a diameter; and the straight line 
which is drawn at right angles to a diameter from the 
extremity of it touches the circle ; [ILL 16, Coroemry 
therefore DB touches the circle ABC. 

Wherefore, {from a point &. QED. 
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EXERCISES IN EUCLID. 


I. 1 to 15. 


1. Ox agiven straight line describe an isosceles tri 
angle having each of the sides equal to a given straight 
line. 

2, In the figure of I. 2 if the diameter of the smaller 
circle is the radius of the larger, shew where the given 
point and the vertex of the constructed triangle will be 
situated, 

3. If two straight lines bisect each other at right an- 
gles, any point in either of them is equidistant from the 
extremities of the other. 

4. If the angles 4BC and ACB at the base of an 
isosceles trianzle be bisected by the straight lines BD, 
CD, shew that BC will be an isosceles triangle. 

BAC is a triangle having the angle 2 double of the 
angle A. If BD bisects the angle Band meets AC at D, 
shew that BD is equal to AD. 

6. In the figure of I. 5 if /C and BG meet at A 
shew that /// and GH are equal 

7. In the figure of I. 5 if FC and BG meet at H, 
shew that 4 // bisects the angle BAC. 

8, The sides AB, AD of a quadrilateral ABCD are 
aqual, and the diagonal AC bisects the angle BAD: shew 
that the sides CB and CD are equal, and that the diagonal 
AC bisects the angle BCD. 

9. ACB, ADB are two triangles on the same side of 
AB, such that AC is equal to BD, and AP is equal to 
BC, and AD and BC intersect at O: shew that the tre 
angle AOD is isosceles, 

10. The opposite angles of a rhombus are equal. 

11. A diagonal of a rhombus bisects each of the angles 
through which it passes. 
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12. If two isosccles triangles are on the same base the 
straight line joining their vertices, or that straight line 
produced, will bisect the base at right angles. 

13. Find a point in a given straight line such that ita 
distances from two given points may be equal. 

14. ‘Through two given points on opposite sides of a 
given straight line draw two straight lines which shall meet 
in that given straight line, and include an angle bisected 
by that given straight line. 

15, A given angle BAC is bisected ; if CA is produced 
to G and the angle DAG bisected, the two bisecting lines 
aro at right angles. 

16. If four straight lines mect at a point so that the 
opposite angles are equal, these straight lines are two and 
two in the same straight line. 


I. 16 to 26. 


17. ABC is a triangle and the angle A is bisected by 
a straight line which meets BC at D; shew that BA is 
greater than BD, and CA greater than CD. 

18. In the figure of I. 17 shew that ABC and ACB 
are together less than two right angles, by joining 4 to any 
point in BC, 

19. ABCD is a quadrilateral of which AD is the 
longest side and BC the shortest: shew that the angle 
ALC 1s greater than the angle ADC" and the angle BCD 
greater than the angle BAD. 

20. Ifa straight line be drawn tnrough A one of the 
angular points of a square, cutting one of the opposite sides, 
and meeting the other produced at F, shew that AF is 
greater than the diagonal of the square. 

21. The perpendicular is the shortest straizht line 
that can be drawn from a yen point to a given straignt 
line; and of others, that which is nearer to the perpen- 
dicular is less than the more remote; and two, and only 
two, equal straight lines can be drawn from the given point 
to the given straight line, one on each side of the perpen- 
dicular. 

22. The sum of the distances of any point from the 
three angles of a triangle is greater than half the sum of 


the sides of the triangle. 
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23. The four sides of any quadrilateral are together 
greater than the two diagonals together. 

24. ‘The two sides of a triangle are together greater 
than twice the straight line drawn from the vertex to the 
middle point of the base. 

25. If one angle of a triangle is equal to the sum of 
the other two, the triangle can be divided into two isosceles 
triangles. 

26. If the angle Cof a triangle is equal to the sum 
of the angles A and B, the side A# is equal to twice the 
straight line joining (’ to the middle point of AB. 

27. Construct a triangle, having given the base. one of 
tie angles at the base, and the sum of the sides. - 

28. The perpendiculars let fall on two sides of a tri- 
angle from any point in the straight line bisecting the angle 
between them are equal to each other. 

29. In a given straight line finda point such that the 
nent drawn from it to two given straight lines 
shall be equal. 

30. ‘Through a given point draw a straight line such 
that the perpendiculars on it from two given points may be 
on opposite sides of it and equal to each other, 

31. A straight line bisects the angle A of a triangle 
ABC; from Ba perpendicular is drawn to this bisectin 
straight line, meeting it at D, and BD is produced to mee 
AC or AC produced at Z: shew that BD is equal to DZ. 

$2. Ab, AC are any two straight lines meeting at A: 
through any point P draw a straight line meeting themat Z 
and F, such that AZ may be equal to AF. 

33. Two ri ionyied: triangles have their hypotenuses 
equal, and a side of one equal to a side of the other: shew 
that they are equal in all respects. 


I. 27 to 31. 


A 34. Any straight line parallel to the base of an iso- 
sceles triangle makes equal angles with the sides. 

& 35. If two straight lines A and B are respectively 

lel to two others C and D, shew that the inclination of 

A to B is equal to that of C to D. ; 

a» 36. A — line is drawn terminated by two parallel 

straight lines; through its middle point any straight line ia 
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drawn and terminated by the parallel straight lines. Shew 
that the second straight line is bisected at tho middle point 
of the first. 

37. If through any point equidistant from two parallel 
.traight lines, two straight lines be drawn cutting the pa- 
rallel straight lines, they will intercept equal portions of 
these parallel straight lines, 

WV 38. If the straight line bisecting the exterior angle of 
a triangle be parallel to the base, shew that the triangle is 
isosceles, 

39. Find a point B in a given straight line CD, such 
that if AB be drawn to B from a given pomt A, the angle 
ABC will be equal to a given angle. ; 
40. Ifa straight line be drawn bisecting one of the 
angles of a triangle to mect the opposite side, the straight 
hnes drawn from the point of section parallel to the other 
sides, and terminated by these sides, will be equal. 

41. The side BC of a triangle ABC is produced to a 
point D; the angle ACB is bisected by the straight line 
CE which meets AB at &. A straight line is drawn 
through # parallel to BC, meeting AC at F, and the 
straight lino bisecting the exterior angle ACD at G. Shew 
that HF is equal to #G. 

42. AB is the hypotenuse of a right-angled triangle 
ABC; find a point D in AB such that DB may be equal 
to the perpendicular from D on AC. 

43. ABC is an isosceles triangle: find points D, Z in 
the ae sides 4B, AC such that BD, DE, EC may all 
be equal. 

41. A straight line drawn at right angles to BC 
the base of an isosceles triangle ABC cuts the side AB at - 
D and CA produced at #: shew that 4 ZD is an isosceles 
triangle. 


I. 32 


45. From the extremities of the base of an isosceles 
triangle straight lines are drawn perpendicular to the sides; 
shew that the angles made by them with the base are each 
equal to balf the vertical angle. 

46. On the sides of any triangle ABC equilateral tri- 
angles BCD, CAE, ABF are described, all external: shew 
that the saignt lines 4D, BE, CF are all equal. 
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47. pant is the magnitude of an angle of a rczular 


nD 

48. Through two given points draw two straight lines 
forming with a straight line given in position an equilateral 
triangle. 

49. If the straight lines bisecting the angles at the 
base of a isosceles triangle be produced to meet, they will 
contain an angle equal to an exterior angle of the triangle. 

50 A is the vertex of an isosceles triangle ABC, and 
BA is produced to D, so that AD is equal to BA; and 
DC is drawn: shew that BCD is a right angle. a 

51. ABC is a triangle, and the exterior angles at B 
and C are bisected by the straight lines BD, CD respec- 
tively, meeting at Y: shew that the angle BDC together 
with half the angle 2.AC make up a right angle. 

52. Shew that any angle of a triangle is obtuse, right, 
or acute, according as it is greater than, equal to, or less 
than the other two angles of the triangle taken together. 

53. Construct an isosceles triangle having the vertical 
angie four times each of the angles at the base. 

54. In the triangle ABC the side BC is bisected at # 
and AB at G; AZ is produced to # so that LF is equal 
to AZ, and C@ is produced to 7 80 that GH is equal to 
OG: shew that “4 and HB are in one straight line. 

55. Construct an isosceles triangle which shall ‘have 
= of each angle at the base equal to half the vertical 
angle. 

56. AB, AC are two straight lines given in position: 
it is required to find in them two points P and Q, such 
that, ?Q being joined, AP and PQ may together be 
to a given straight linc, and may contain an angle equal to 
a given angle. 

57. Straight lines are drawn through the extremities of 
the base of an isosceles triangle, making angtes with it on 
the side remote from the vertex, cach equal to one-third of 
one of the equal angles of the triangle and meeting the 
sides ork shew that three of the triangles thus 
formed are isosceles. 

is. AFB, CED ave wwo straight lines intersecting at 
Ee; straight lines AC, DB are drawn forming two triangles 
ACE, BED; the angles ACE, DBE are bisected by the 
straight lines CF, BF, meeting at F. Show tit the angle 
CFB is equal to half the sum of the angles LAC, EDB. 
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59. The straight line joining the middle point of the 
hypotense of a right-angled triangle to the right angle is 
equal to half the hypotenuse, 

60. From the angle A of a triangle 42C a perpen- 
diculai is driwn to the opposite side, meeting it, produced 
if necessary, at 17; from the angle Ba perpendicular is 
drawn to the opposite side, meeting it, produced if neces- 
sary, at #; shew that the straight lines which join D and 
& to the middle point of 4B are equal. 

61. From the angles at the base of a triangle perpen- 
diculars are drawn to the opposite sides, produced if neces- 
sary : shew that the straight line joining the points of inter- 
section will be bisected by a perpendicular drawn to it from 
the middle point of the base. 

62. In the figure of I. 1, if C and AZ be the points of 
intersection of the circles, and AB be produced to meet 
one of the circles at A, shew that CHK is an equilateral 
triangle. 

63. The straight lines bisecting the angles at the base 
of an isosceles triangle meet the sides at D and #: shew 
that DZ is parallel to the base. 

64. AB, AC are two given straight lines, and P is a 
given point in tle former: it is required to draw through 
P a straight line to meet AC at Q, so that the angle APQ 
may be three times the angle AQP. 

65. Construct a right-angled triangle, having given the 
hypoteruse and the sum of the sides. 

66. Construct a right-angled triangle, having given the 
hypotenuse and the difference of the sides. ’ 

67. Construct a right-angled triangle, having given the 
hypotenuse and the perpendicular from the right angle 
on it. 

68. Construct a right-angled triangle, having given the 
perimeter and an angle. 

69. Trisect a right angle. 

70. Trisect a given finite straight line. 

71. From a given point it is required to draw to two 
parallel straight lines, two equal straight lines at right 
angics to each other. 

"72. Deseribe a triangle of given perimeter, baving ite 
ingles equal to those of a given triangle 
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Lk. 33, 34, 


73. If a quadrilateral have two of its opposite siava 
parallel, and the two others equal but not p: el, any two 
of i opposite angles are together equal to two rigi¢t 
angles. 

74. Ifa straight line which joins the extremities of twe 
equal straight lines, not parallel, make the angles on the 
same side of it equal to each other, the straight line which 
joins the other extremities will be parallel to the first. 

75. No two straight lines drawn from the extremities 
of the base of a triangle to the opposite sides can possibly 
bisect each other. 

76. If the opposite sides of a quadrilateral are equal it 
is a parall-logram. 

77. If the opposite angles of a quadrilateral are equal 
it is a parallelogram. 

78. The diagonals of a parallelogram bisect each other 

79. If the diagonals of a quadrilateral bisect each othe 
it is a parallelogram. 

80. If the straight line joining two opposite angles of 
a 1 cat ny bisect the angles the four sides of the pa 
rallelogram are equal. 

81. Draw a straight line through a given point such 
that the part of it intercepted between two given parallel 
straight lines may be of given length. 

82. Straight lines bisecting two adjacent angles of a 
parallelogram intersect at right angles. 

83. Straight lines bisecting two opposite angles of a 
parallelogram are either parallel or coincident. 

84. If the diagonals of a parallelogram are equal all its 
angles are 9 pe 

85. Find a point such that the perpendiculars let fall 
from it on two given straight lines shall be respectively 
equal to two given straight lines. [low many cach points 
are there? 

86. It is required to draw a straight line which shall 
be equal to one straight line and parallel to another, and be 
terminated by two given straight lines. 

87. On the sides 4B, BC, and CD of a parallelogram 
ABCD three equilateral triangles are described, that on 
BC towards the same purts as the parallelogram, and those 
oa AL, CL wwards the opposite paris; shew that the 
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distances of the vertices of the triangles on 4B, CD from 
that on BC are respectively equal to the two diagonals of 
the parallelogram, 

88. Ifthe angle between two adjacent sides of a parab 
\elogram be increased, while their lengths do not alter, the 
diagonal through their point of intersection will diminish. 

$9. A, B, C are three points in a straight line, such 
that AB is equal to BC: shew that the sum of the perpen- 
diculars from A and C on any straight line which does not 

‘pass between A and C is double the perpendicular from B 
on the same straight line. 

90. If straight lines be drawn from the angles of any 
parallelogram perpendicular to any straight line which is 
outside the parallelogram, the sum of those from one pair 
of opposite angles is equal to the sum of those from the 
other pair of opposite angles. 

91. If a six-sided plane rectilineal figure have its op- 

site sides equal and parallel, the three straight lines join- 
ing the opposite angles will meet at a point. 

92. AB, AG are two given straight lines; through a 
iven point Z between them it is required to draw a straight 
ine GEH such that the intercepted portion GH shall be 

bisected at the point £. 

93. Inscribe a rhombus within a given parallelogram. 
so that one of the angular points of the rhombus may be at 
a given point in a side of the parallelogram 

94, ABCD is a parallelogram, and EZ, F, the middle 
points of AD and BC respectively; shew that BH and DF 
will trisect the diagr 1al AC. 


I. 35 to 45. 


95. ABCD is a quadrilateral having BC parallel to 
AD; shew that its area is the same as that of the parallelo- 
gram which cai be formed by drawing through the middle 
point of DC’? straight line parallel to AB. 

96. ABUD is a quadrilateral having BC parallel to 
AD, E is the middle point of DC; shew that the triangle 
AEB is half the quadrilateral. 

97. Shew that any straight I'ne passing through the 
middle point of the diameter of a parallelogram and termé 
nated by swo opposite sides, bisects the parallelogram. 
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98. Bisect a parallel gram by a straight line d own 
through a given point wit un it. 
99. Construct a rho'abus equal to a given parallelo 


am. 

100. If two triang/« s have two sides of the one equal 
to tivo sides of the othe , each to each, and the sum of the 
two angles contained by these sides equal to two right an 
ples, the triangles are e aal in area. 

101. A straight lint is drawn bisecting a parallelogram 
ALUCD and meeting AD at # and BC at /: shew that 
the triangles BF and CED are equal. 

102. Shew that the four triangles into which a paral- 
lelogram is divided by its diagonals are equal in area. 

103. Two straight lines AB and CD intersect at £, 
and the triangle A/C is equal to the triangle BED: shew 
that BC is parallel to AD. 

104. ABCD isa parallelogram ; from any point P in 
the diagonal BD the straight lines PA, PC are drawn. 
Shew that the triangles PAZ and PCB are equal. 

105. If a triangle is described having two of its sides 
equal to the diagonals of any quadrilateral, and the in- 
cluded angle equal to either of the angles between these 
. diagonals, then the area of the triangle is equal to the area 
of the quadrilateral. 

106. The straight line which joins the middle points of 
two sides of any triangle is parallel to the base, 

107, Straight lines joining the middle points of ad- 
jacent sides of a quadrilateral form a parallelogram, 

108. D, £ are the middle points of the sides AB, AC 
of a triangle, and CD, BE intersect at #: shew that the 
triangle DFC is equal to the quadrilateral AD FEZ. 

109. The straight line which bisects two sides of any 
triangle is half the base, 

110. In the base AC of a triangle take any point LD: 
bisect AD, DC, AB, BC at the points Z, F, @, H respec 
tively; shew that 4G is equal and parallel to F/T. 

lil. Given the middle points of the sides of a triangle, 
construct the triangle. 

112. If the middle points of any two sides of a triangle 
~ be joined, the triangle so cut off is one quarter of the whole, 

113, The sides AB, AC of a given triangle ABC are 
bisected at the points 2, /’; a perpendicular is drawn from 
4 to the opposite side, meeting it at D. Shew that the 
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ingle FDF 1s equal to the angle BAC. Shew also that 
AFDE is' alf the triangle ABC. 

114. "wo triangles of equal area stand on the same 
base and on opposite sides: shew that the straight line 
joining tAeir vertices is bisected by the base or the base 
produce & 

115 Three parallelograms which are equal in all re- 
spects are placed with their equal bases in the same straight 
ine zad contiguous; the extremities of the base of the first 
are joined with the extremities of the side opposite to the 
bass of the third, towards the same parts: shew that the 
potion of the new parallelogram cut off by the second is 
wv ® half the area of any one of them. 

116. ABCD is a parallelogram; from D draw any 
traight line DFG meeting BC at “and ABP produced at 
F: draw A’ and CG: shew that the triangles A BF, 
CFG are equal. 

117. A/C isa given triangle: construct a triangle of 
equal area, having for its base a given straight line 4D, 
coinciding in position with 4 2B, 

118. ABC is a given triangle: construct a triangle of 
equal area, having its vertex at a given point in BC and its 
base in the same straight line as 4B. 

119. ABCD is a given quadrilateral: construct ano- 
ther quadrilateral of equal area having AZ for one side, 
anJ for another a straight line drawn through a given point 
in OY parallel to 47. 

120. ABCD is a quadrilateral: construct a triangle 
whose base shall be in the same straight line as 4 2B, vertex 
at a given point P in CD, and area equal to that of the 
given quadrilateral. 

121.. ABC is a given triangle: construct a triangle of 
equal area, having its base in the same straight line as AB, 
and its vertex in a given straight line parallel to A&B. 

122, Bisect a given triangle by a straight line drawn 
through a given point in a side. 

123. Bisect a given quadrilateral by a straight line 
drawn through a given angular point. 

124. If through the point O within a parallelogram 
ABCD two straight lines are drawn parallel to the side 
and the parallelograms OB and OV are equal, the point 
is in ths diagonal AC. 
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I. 46 to 4& 


125. On the sides AC, BC of a triangle ABC, squares 
ACDE, BCFH are described: shew that tho straight 
lines AF and BD are equal. 

126. The square on the side subtending an acute an- 
gle of a triangle is less than the squares on the sides 
containing the acute angle. 

127. The square on the side subtending an obtuse an- 
gle of a triangle is greater than the squares on the sides 
containing the obtuse angle. 

128. If the square on one side of a triangle be less 
than the squares on the other two sides, the angle contained 
by aa sides is an acute angle; if greater, an obtuse 
angle. 

129. A straight line is drawn parallel to the hypotenuse 
of a right-angled triangle, and each of the acute angles is 
joined with the points where this straight line intersects 
the siles respectively opposite to them: shew that the 
squares on the joining straight lines are together equal to 
thie square on the hypotenuse and the square on the straight 
line drawn parallel to it. 

130. If any point P be joined to A. B, C, D, the an- 
gular points of a rectangle, the squares on 7 / und PC are 
together equal to the squares on PB and PD. 

131. Ina right-angled triangle if the square on one of 
the sides containing the right angle be three times the 
square on the other, and from the right angle two straight 
lines be drawn, one to bisect the opposite side, and the 
other perpendicular to that side, these straight lines divide 
the right angle into three equal parts. 

132. If ABC be a triangle whose angle A is a right 
angle, and LL, CF be drawn bisecting the vi osite sides 
respectively, shew that four times the sum o the squares 
on BE and CF is equal to five times the square on BC. 

133. On the hypotenuse BC, and the sides CA, 4B of 
a right-angled triangle ABC, squares BDEC, AP, and 
AG are described: shew that the squares on DG and BP 
ere together equal to five times the square on BC. 
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. 1toll. 


134. A straight line is divided into two parts; shew 
that if twice the rectangle of the parts is equal to the sum 
of the squares described on the parts, the straight line is 
bisected. 

135. Divide a given straight line into two parts such 
that the rectangle contained by them shall be the greatest 
possible. 

136. Construct a rectangle equal to the difference of 
two given squares. 

137. Divide a given straight line into two parts such 
that the sum of the squares on the two parts may be the 
least possible. 

138. Shew that the square on the sum of two straight 
lines together with the square on their difference is double 
the squares on the two straight lines. 

139. Divide a peer straight line into two parts such 
that the sum of their squares shall be equal to a given 
square. 

140. Divide a given straight line into two parts such 
that the square on one of them may be double the square 
on the other. 

141. In the figure of II. 11 if CH be produced to meet 
BF at L, shew that CZ is at right angles to BF. 

142. In the figure of IL. 11 if BH and CH meet at O, 
shew that AO is at right angles to CH. 

143. Shew that in a straight line divided as in II. 11 
the rectangle contained by the sum and difference of the 
parts is equal to the rectangle contained by the parts. 


II, 12 to 14. 


144, The square on the base of an isosceles triangle is 
equal to twice the rectangle contained by either side and 
by the straight line intercepted between the perpendicular 
let fall on it from the opposite angle and the extremity of 
the base. 

145. In any triangle the sum of the squares on the 
sides is equal to twice the square on half the base together 
with twice the square on the straight line drawn from the 
vertex to the middle point of the base. 
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146. ABC isa triangle having the sides 4B and AO 
equal; if 4B is produced beyond the base to D so that 
BD is equal to AB, shew that the square on CD is equal 
to the square on AB, together with twice the square 
on BC. 

147. The sum of the squares on the sides of a paral- 
lelogram is equal to the sum of the squares on the 
diagonals. . 

148. The base of a triangle is given and is bisected by 
the centre of a given circle: if the vertex be at any point 
of the circumference, shew that the sum of the squares on 
the two sides of the triangle is invariable. 

149. In any quadrilateral the squares on the diagonals 
are ap equal to twice the sum of the squares on the 
straight lines joining the middle points of opposite sides, 

150. Ifa circle be described round the point of inter- 
section of the diameters of a parallelogram as a centre, 
shew that the sum of the squares on the straight lines 
drawn from any point in its circumference to the four an- 
gular points of the parallelogram is constant. 

151. The squares on the sides of a quadrilateral are 
together greater than the squares on its diagonals by four 
times the square on the straight line joining the middle 
points ofits diagonals, 

152. In AB the diameter of a circle take two points C 
and D equally distant from the centre, and from any point 
FE in the circumference draw EC, ED: shew that the 
squares on LC and BD are together equal to the squares 
on AC and AD, 

153. In BC the base of a triangle take D such that 
the squares on AB and BD are together equal to the 
squares on AC and CD, then the middle point of AD will 
be equally distant from B and C. 

154, The square on any straight line drawn from the 
vertex of an isosceles triangle to the base is less than the 
square on a side of the triangle by the rectangle contained 
by the segments of the base. 

155. A square BDEC is described on the hypotenuse 
BC of a right-angled triangle ABC: shew that the squares 
on DA and AC are together equal to the squares on KA 
aul AB, 

156. ABC is a triangle in which @ is a right angle, 
wd DZ is drawn from a point D in AC perpendicular te 
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4B: shew that the rectangle 41?, AZ is equal to the 
rectangle AC, AD. 

157. Ifa straight line be drawn through one of the 
angles of an equilateral triangle to meet the opposite side 
produced, so that the rectangle contained by the whole 
straight line thus produced and the part of it produced is 
equal to the square on the side of the triangle, shew that 
the square on the straight linc so drawn will be double the 
square on a side of the triangle. 

158. Ina triangle whose vertical angle is a right angle 
a straight line is drawn from the vertex perpendicular 
to the base: shew that the square on this perpendicular is 
ng to the rectangle contained by the segments of the 

ase. 

159. Ina triangle whose vertical angle is a right angle 
a straight line is drawn from the vertex perpendicular to 
the base: shew that the square on either of the sides adja- 
cent to the right angle is equal to the rectangle contained 
by the base and the segment of it adjacent to that side. 

160. In a triangle ABC the aaelse B and C are acute: 
if E and F be the points where perpendiculars from the 
opposite angles meet the sides AC, AB, shew that the 
square on BC is equal to the rectangle AB, BF, together 
with the rectangle AC, CE. 

161. Divide a given straight line into two parts so that 
the rectangle contained by them may be equal to the square 
described on a given straight line which is less than half 
the straight line to be divided. 


III. 1 to15 


162. Describe a circle with a given centre cutting a 
given circle at the extremities of a diameter. 

163. Shew that the straight lines drawn at right angles 
to the sides of a quadrilateral inscribed in a circle from 
their middle points intersect at a fixed point. 

164. If two circles cut each other, any two parallel 
straight lines drawn through the points of section to cut 
the circles are equal. 

165. Two circles whose centres are A and B intersect 
at C; through @ two chords DCE and FCG are drawn 
equally inclined to AB and terminated by the circles: 
shew that DZ and FG are equal. 


9 
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166. Through either of the points of intersection of 
fAvo given circles draw the greatest possible straight Ime 
terminated both ways by the two circumferences. 

167. If from any point in the diameter of a circle 
réraight lines are drawn to the extremities of a parallel 
chord, the squares on these straight lines are together equal 
to the squares on the segments into which the diameter is 
divided. 

168. A and B are two fixed points without a circle 
PQR; it is required to find a point P in the circumfer- 
ence, so that the sum of the squares described on .4P and 
BP may be the least possible. 

169. If in any two given circles which touch one an- 
other, there be drawn two parallel diameters, an extremity 
or each diameter, and the point of contact, shall lie in the 
same straight line. 

170. A circle is described on the radius of another 
circle as diameter, and two chords of the larger circle are 
drawn, one through the centre of the less at right angles to 
the common diameter, and the other at right angles to the 
first through the point where it cuts the less circle. Shew 
that these two chords have the segments of the one equal 
to the segments of the other, each to each. 

171. Through a given point within a circle draw the 
shortest chord. 

172. O is the centre of a circle, P is any point in its 
circumference, PN a perpendicular on a fixed diameter: 
shew that the straight line which bisects the angle OPN 
always passes through one or the other of two fixed points. 

173. Three circles touch one another externally at the 
points A, B, C; from A, the straight lines AB, AC are 
produced to cut the circle BC at D and Z: shew that DE 
1s a diameter of BC, and is parallel to the straight line 
joining the centres of the other circles. 

174. Circles are described on the sides of a qnadri- 
lateral as diameters: shew that the common chord of any 
adjacent two is parallel to the common chord of the other 
two. 

175. Describe a circle which shall touch a given circle, 
have its centre in a given straiglt line, and pass through 
given point in the given straight line. 
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III. 16 to 19. 


176. Shew that two tangents can be drawn to a circle 
‘rom @ given external point, and that they are of equal 
length, 

177. Draw parallel to a given straight line a straight 
line to touch a given circle. 

178. Draw perpendicular to a given straight line a 
straight line to touch a given circle. 

179. In the diameter of a circle produced, determine 
a point so that the tangent drawn from it to the circum- 
ference shall be of given length. 

180. Two circles have the same centre: shew that all 
chords of the outer circle which touch the inner circle are 
equal, 

: 181. Through a given point draw a straight line so that 
the part intercepted by the circumference of a given circle 
shall be equal to a given straight line not greater than the 
diameter. 

182, Two tangents are drawn to a circle at the oppo- 
aite extremities of a diameter, and cut off from a third 
tangent a portion AB: if C be the centre of the circle 
shew that ACB is a right angle. 

183. Describe a circle that shall have a given radius 
and touch a given circle and a given straight line. 

184. A circle is drawn to touch a given circle and a 
given straight line. Shew that the points of contact are 
always in the same straight line with a fixed point in the 
circumference of the given circle. 

185. Draw a straight line to touch each of two given 
circles. 

186. Draw a straight line to touch one given circle so 
that the part of it contained by another given circle shall 
be equal to a given straight line not greater than the dia- 
meter of the latter circle. 

187. Draw a straight line cutting two given circles so 
that the chords intercepted within the circles shall have 
given lengths. ; Se 

188. A quadrilateral is described so that its sides 
touch a circle: shew that two of its sides are together 
equal to the other two sides. 

189. Shew that no parallelogram can be described 
about a circle except a rhombus. 
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190. ABD, ACE are two straight lines touching a 
circle at B and CO, and if DE be joined DZ is equal to BD 
and C# together: shew that D# touches the circle. 

191. If a quadrilateral be described about a circle the 
angles subtended at the centre of the circle by any twe 
opposite sides of the figure are together equal to two 
right angles. 

192. Two radii of a circle at right angles to each other 
when produced are cut by a straight line which touches the 
circle: shew that the tangents drawn from the points of 
section are parallel to each other. 

193. A straight line is drawn touching two circles: 
shew that the chords are parallel which join the points of 
contact and the points where the straight line through the 
centres meets the circumferences. 

194. If two circles can be described so that each 
touches the other and three of the sides of a quadrilateral 
figure, then the difference between the sums of the opposite 
sides is double the common tangent drawn across the quad- 
rilateral. 

195. AB is the diameter and C the centre of a sem+ 
circle: shew that O the centre of any circle inscribed in 
the semicircle is equidistant from OC and from the tangent 
to the semicircle parallel to AB. 

196. If from any point without a circle straight linos 
be drawn touching it, the angle contained by the tangents 
is double the angle contained by the straight’ line joining 
the points of contact and the diameter drawn through one 
of them. 

197. A quadrilateral is bounded by the diameter of a 
circle, the tangents at its extremities, and a third tangent: 
shew that its area is equal to half that of the rectangle con- 
tained by the diameter and the side opposite to it. 

198. If a quadrilateral, having two of its sides parallel, 
be described about a circle, a straight line drawn through 
the centre of the circle, parallel to either of the two parai- 
lel sides, and terminated by the other two sides, shall be 
equal to a fourth part of the perimeter of the figure. 

199. A series of circles touch a fixed straight line at 
a fixed point: shew that the tangents at the points where 
they cut a parallel fixed straight line all touch a fixed circle, 

200. Of all straight lines which can be drawn from two 
given points to meet in the convex circumference of a 
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given circle, the sum of the two is least which make equal 
angles with the tangent at the point of concourse. 

201. C is the centre of a given circle, CA a radius, B 
a point on a radius at right angles to CA; join AB and 
produce it to meet the circle again at D, and let the tan- 
gent at D meet CB produced at #: shew that BDZ is an 
isosccles triangle, 

202. Let the diameter BA of a circle be produced to 
P, so that AP equals the radius; through A draw the 
tangent A#D, and from P draw PEC touching the circle 
at C and meeting the former tangent at Z; join BC and 
produce it to mect AHD at D: then will the triangle 
DEC be equilateral. 


TIT. 20 to 22; 


203. ‘I'wo tangents 4B, AC are drawn to a circle; 
DP is any point on the circumference outside of the triangle 
ABC: shew that the sum of the angles ABD and ACD 
is constant. 

204. P, @ are any points in the circumferences of two 
segments described on the same straight line AB, and on 
the same side of it; the angles PAQ, PBQ are bisected 
by the straight lines A2, BR mecting at A: shew that the 
angle 4 &# is constant. 

205. Two segments of a circle are on the same base 
AB, and P’is any point in the circumference of one of the 
segments; the straight lines APD, BPC are drawn meet- 
ing the circumference of the other segment at D and C; 
AC and BD are drawn intersecting at Q. Shew that the 
angle AQB is constant. 

206. APB isa fixed chord passing through P a point 
of intersection of two circles AQP, PBR; and QPR is 
any other chord of the circles passing through P: shew 
that AQ and RB when produced meet at a constant 
angle. 

O07. AOB is a triangle; C and D are points in BO 
and AO respectively, such that the angle ODC is equs! to 
the angle OBA: shew that a circle may be described 
sound the quadrilateral 4 BCD 


508 EXERCISES LN &UCLID, 


Oe 


208. ABCD is a quadrilateral inscribed ina circle, and 
the sides AB, CD when produced meet at O: shew that 
the triangies AOC, BOD ure cquiangular. 

209. Shew that no parallelogram except a rectangle 
can be inscribed in a circle. 

210. A triangle is inscribed in a circle: shew that the 
sum of the angles in the three segments exterior to the 
criangle is equal to four right angles. 

211. A quadrilateral is inscribed in a circle: shew 
that the sum of the angles in the four segments of the circle 
exterior to the quadrilateral is equal to six right angles, 

212. Divide a circle into two parts so that the angle 
contained in one segment shall be equal to twice the angle 
contained in the other. 

213. Divide a circle into two parts so that the angle 
contained in one segment shall be equal to five times the 
angle contained in the other. 

214. If the angle contained by any side of a quadri- 
lateral and the adjacent side produced, be equal to the 
opposite angle of the quadrilateral, shew that any side of 
the quadrilateral will subtend equal angles at the opposite 
angles of the quadrilateral. 

215, If any two consecutive sides of a hexagon inscribed 
in a circle be respectively parallel to their opposite sides, 
the :emaining sides are pavallel to each other. 

216. A, B, C, D aro four points taken in order on the 
circumference of a circlo; tho straight lines AB, CD pro- 
duced intersect at P, and AD, BC at Q: shew that the 
straight lines which respectively bisect the angles APC, 
AQC are perpendicular to each other. 

217. If a quadrilateral be inscribed in a circle, and » 
straight line be drawn making equal an les with one pai 
of opposite sides, it will make equal angles with the othe 
yair. 

218. A quadrilateral can have one circle inscribed iy 
it and etter circumscribed about it: shew that th 
ight lines joining the pe points of contact of the 


inscribed circle are perpendicular to each other. 
IIT. 23 to 30. 


219. The straight lines joining the extremities of the 
chor«is of two equal ares of a circle, towards the same parts 
are parallel to each other, 
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220. The straight lines in a circle which join the ex- 
tremities of two parallel chords are equal to each other. 

221. AB isa common chord of two circles; through C 
any point of one circumference straight lines CAD, CBE 
are drawn terminated by the other circumference: shew 
that the arc DZ is invariable. 

222. ‘Through a point C in the circumference of a circle 
two straight lines ACB, DCE are drawn cutting the circle 
at Band /: shew that the straight line which bisects the 
angles ACH, DCB meets the circle at a point equidistant 
trom B and £, 

223, The straight lines bisecting any angle of a quadri- 
lateral inscribed in a circle and the opposite exterior angie, 
meet in the circumference of the circle. 

224. AB is a diameter of a circle, and Dis a given 
point on the circumference, such that the are DB is less 
than half the are DA: draw a chord DZ on one side of 
AB so that the are #A may be three times the are BD. 

225. From A and # two of the angular points of a 
triangle ABC, straight lincs are drawn so as to meet the 
opposite sides at P and Q in given equal angles: shew 
that the straight line joining P and Q will be of the same 
length in all tiiangles on the samo base 4B, and having 
vertical angles equal to C. 

226. If two equal circles cut each other, and if through 
ne of the points of intersection a straight line be drawn 
terminated by the circles, the straight lines joining its 
extremities with the other point of intersection are equal. 

227. OA, OB, OC are three chords of a circle; the 
angle AOB is equal to the angle LOC, and OA is nearer 
to the centre than OB. From # a perpendicular is drawn 
on OA, meeting it at P, and a perpendicular on OC pro- 
duced, meeting it at Q: shew that AP is equal to CQ. 

228. AB is a given finite straight line; through 
A two indefinite straight lines are drawn equally inclined 
to AB; any circle passing through d and B meets these 
straight lines at Zand M@. Shew that if AB bé between 
AL and AM the sum of AZ and AY is constant; if dB 
he not between AZ and AJ/ the difference of AZ and AM 
13 constant. 

229. AO# and COD are diameters of a circle at right 
angles to cach other; Z is a point in the are AC, and 
E/G is « chord meeting COD at ‘F, and drawn in such a 
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direction that ZF is equal to the radius. Shew that the 
arc BG is equal to three times the arc AF. 

230. The straight lines which bisect the vertical angles 
of all triangles on the same base and on the same side of 
it, and having equal vertical angles, all intersect at the 
same point. 

231. If two circles touch each other internally, any 
chord of the greater circle which touches the less shall 
be divided at the point of its contact into segments which 
suitent equal angles at the point of contact of the two 
circles. 


Ill. 31. 


232, Right-angled triangles are described on the same 
hypotenuse: shew that the angular ome opposite the 
hypotenuse all lie on a circle described on the hypotenuse 
as diameter. 

233. The circles described on the equal sides of an 
isosceles triangle as diameters, will intersect at the middle 
point of the base. 

234. The greatest rectangle which can be inscribed in 
a circle is a square. 

235. The hypotenuse AB of a right-angled triangle 
ABC is bisected at D, and LDF is drawn at right angles 
to AB, and DE and DF are cut off each equal to DA; 
CE and CF are joined: shew that the last two straight 
lines will bisect the angle C and its supplement respec- 
tively. 

236. On the side AZ of any triangle A BC as diameter 
a circle is described; // is a diameter parallel to BC: 
shew that the straight lines 72 and /’B bisect the interior 
and exterior angles at 2. 

237. If AD, CE be drawn perpendicular to the sides 
BC, AB of a triangle ABC, sl DE be joined, shew that 
the angles ADE and ACE are equal to each other. 

238. If two circles ABC, ABD intersect at A and B, 
and AC, AD be two diameters, shew that the straight 
line CD will pass through B. 

239. If O be the centre of a circle and OA a radius 
and a circle be described on OA as diameter, the circum- 
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ference of this circle will bisect any chord drawn through 
it from A to meet the exterior circle. 

240. Describe a circle touching a given straight line at 
a given point, such that the tangents drawn to it from two 
given points in the straight line may be parallel. 

241. Describe a circle with a given radius touching a 
gran straight line, such that the tangents drawn to it 
rom two given points in the straight line may be parallel. 

242. If from the angles at the base of any triangle 

erpendiculars are drawn to the opposite sides, produced 
if necessary, the straight line joining the points of inter- 
section will be bisected by a perpendicular drawn to it from 
the centre of the base. 

243. AD isa diameter ofa circle; B and Care points 
on the circumference on the same side of AD; a perpen- 
dicular from D on BC produced through C, meets it at #: 
shew that the square on 4D is greater than the sum of the 
squares on AB, BC, CD, by twice the rectangle BC, CE. 


244. AJ is the diameter of a semicircle, P is a pomt 
on the circumference, PJZ is perpendicular to AB; on 
AM, BM as diameters two semicircles are described, and 
AP, BP meet these latter circumferences at Q, 2: shew 
that QA will be a common tangent to them. 

245. AB, AC are two straight lines, B and C are given 
points in the same; BD is drawn perpendicular to AC, 
and DE perpendicular to AB; in like manner CF is drawn 
perpendicular to 4B, and FG to AC. Shew that HG is 
parallel to BC. 

246. Two circles intersect at the points A and B, from 
which are drawn chords to a point Cin one of the circum- 
ferences, and these chords, produced if necessary, cut the 
other cireumference at D and .#: shew that the straight 
line DE cuts at right angles that diameter of the circle 
ABC which passes through C. 

247. If squares be described on the sides and hy- 
potenuse of a right-angled triangle, the straight linc joining 
the intersection of the diagonals of the latter square with 
the right angle is perpendicular to the straight line joining 
the intersections of the diagonals of the two former. 

248. C is the centre of a given circle, CA a straight 
tine less than the radius; find the point of the circum 
ference at which C'A subtends the greatest angle. 

16 
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#49, AB is the diameter of a semicircle, D and EF are 
any two points in its circumference. Shew that if the 
chords joining A and B with D and £ each way intersecy 
at F'and G, then FG produced is at right angles to AB. 


250. Two equal circles touch one another externally, 
and through the point of contact chords are drawn, ono 
to each circle, at right angles to each other: shew that 
the straight line joining the other extremities of these 
chords is equal and parallel to the straight line joining the 
centres of the circles. 


251. A circle is described on the shorter diagonal of a 
rhombus as a diameter, and cuts the sides; and the points 
of intersection are joined crosswise with the extremities of 
that diagonal: shew that the parallelogram thus formed 
is a rhombus with angles equal to those of the first. 


252. If two chords of a circle meet at a right angle 
within or without a circle, the squares on their segments 
are together equal to the squares on the diameter. 


III. 32 to 34. 


253. £B is a point in the circumference of a circle, whose 
centre is C; PA, a tangent at any point P, meets CB 
produced at A, and PD is drawn perpendicular to CB: 
shew that the straight line PB bisects the angle APD. 


254. If two circles touch each other, any straight line 
drawn through the point of contact will cut off similar seg- 
meus. 


255. AB is any chord, and AD is a tangent to a circle 
at A. DPQ is any straight line parallel to 4B, meeting 
the circumference at P and Q. Shew that the triangle 
PAD is equiangular to the triangle QA B. 


256. Two circles ABDH, ABG, intersect each othe: 
at the points A, B; from B a straight line BD is drawn in 
the one to touch the other; and from A any chord what- 
ever is drawn cutting the circles at G and H: shew that 
iG is parallel to Di. 


257. Two circles intersect at A and B. At A th 
tungents AC, AD are drawn to each circle and ternalnited 
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by the circumference of the other. If CB, BD be joined, 
shew that AB or AB produced, if necessary, bisects the 
angle CBD. 

258. ‘Two circles intersect at A and B, and througt 
P any point in the circumference of one of them the 
chords PA and PB are drawn to cut the other circle at 
Cand D: shew that CD is parallel to the tangent at P. 


259. If from any point in the circumference of a circle 
a chord and tangent be drawn, the perpendiculars droppec 
on thei from the middle point of the subtended are aré 
equal to one another. 


260. AB is any chord of a circle, P any point on the 
circumference of the circle; PM is a perpendicular on AZ 
and is produced to meet the circle at Q; and AW is draw 

ervendicular to the tangent at P: shew that the triangl 
Ni is equiangular to the triangle PAQ. 

261. Two diameters ACB, COD of a circle are at 
right angles to each other; P is a point in the circum- 
ference; the tangent at P meets COD produced at Q, 
and AP, BP meet the same line at RA, S respectively: 
shew that FQ is equal to SQ 

262. Construct a trianglo, having given the base, the 
vertical angle, and the point in the base on which the >er- 
pendicuiar falls, 

263. Construct a triangle, having given the base, the 
vertical angle, and the altitude. 

264. Construct a triangle, having given the base, the 
vertical angle, and the length of the straight line drawn 
from the vertex to the middle point of the base. 

265. Having given the base and the vertical angle of a 
triangle, shew that the triangle will be greatest when it is 
isosceles. : 

266. From a given point A without a circle whose 
centre is O draw a straight line cutting the circle at the 
points B and C, so that the area BOC may be the greatest 

sible. 
m6, Two straight lines containing a constant angle 
always pass through two fixed points, their position being 
otherwise unrestricted: shew that the straight line bisect- 
ing the angle always passes through one cr other of two 
fixed points. ae 

268. (tiven one angle of a triangle, the side opposite 
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it, and the sum of the other two sides, construct the 
triangle. 


III. 35 to 37. 


269. If two circles cut one another, the tangents drawn 
to the two circles from any point in the common chora 
produced are equal. 

270. Two circles intersect at A and B: shew that AB 
produced bisects their common tangent. 

271. If AD, CE are drawn perpendicular to the sides 
BC, AB of a triangle ABC, shew that the rectangle con- 
tained by BC and BD is equal to the rectangle contained 
by BA and BE. 

272. If through any point in the common chord of two 
circles which intersect one another, there be drawn any two 
other chords, one in each circle, their four extremities shall 
all lie in the circumference of a circle. 

273. From a given point as centre describe a circle 
cutting a given straight line in two points, so that the rect- 
angle contained by their distances from a fixed point in the 
straight line may be equal to a given square. 

274. Two circles ABCD, EBCF, having the common 
tangents 1/7 and DF, cut one another at B and C, and 
the chord BC is produced to cut the tangents at G and H;: 
shew that the square on @H exceeds the square on A£ or 
DF by the square on BC. 

275. A series of circles intersect each other, and are 
such that the tangents to them from a fixed point are 
eqrval: shew that the straight lines joining the two points 
of intersection of each pair will pass through this point. 

276. ABCis aright-angled triangle ; from any point 
DP in the hypotenuse BC a straight line is drawn at right 
angles to BC, meeting CA at H and BA produced at /: 
shew that the square on DZ is equal to the difference of 
the rectangles BD, DC and AF, EC; and that the square 
on DF is equal to the sum of the rectangles BD, DC and 
AF, FB. 

277. It is required to find a point in the straight line 
which touches a circle at the end of a given diameter, such 
that when a straight line is drawn from this ip to the 
other extremity of the diameter, the rectasgle contained 
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by the part of it without the circle and the part within 


the circle may be equal to a given square not greater than 
that on the diameter. 
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